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NOTICES I
When Government drawings , specifications , or other data are I

used for any purpose other than in connection with a definitely
related Government procurement operation , the United States
Government thereby incurs no responsibility nor any obligation
whatsoever , and the fact that the Government may have formulated ,
furnished , or in any way suppl i ed the said drawings , specifications ,
or other data , is not to be regarded by implication or otherwise as
in any manner licensing the holder or any other person or corporation ,
or conveying any riqht s or permi ssion to manufacture , use , or sell

• any patented invention that may in any way be related thereto. I
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I t ’ I I A PI I  R I
I N ROl) IICT MN

[ ii is ‘H a t  y d a a  1 s w i t  ii the pi-oh 1 0111 o f  de te r Immi Im i i a  whet  ha - r an

Ol ) ,of ’V e d af t )  ( a  I ~ 5 or is not a mimemn he i’ nt a l i s t  f a t  ci m’ .’~ Of o t ) t a ’  t -

Iiie I ec 1111 1 q Ua (1ev) 1 opt’ at c l ass  i t  len  t ime o t t i v a  H (fl) ,joc t a I S  1 S t  a d

or on Ii s t  ed t a m  ‘~a d  on a pri or liii orma t ion m e j i  rd i nq ha l i s t  ‘ 1

a 
c Ian ; a l o l m e .  1110’ t e chn iq ue  insures t hat t h e  i u i s c la s s i  i c m t  1 , 1

a r o l ( a l i  ii i t y  of a li sted ob ject  as OIl u im l  i s ted one is kept  im , md & r

a s p e c i f i e d  t i i r ech m o ld  win le a t  tempting to iii iii imii i e t i m e  r ev e r se ,

“ t y p e  ~ 
a prohaihi ii ty  of ~‘i’ror.

Nm n o t  idrnt. I t ca t .  100 processes t ime n i gmia t ores of’ a n  oIa~ as

a ’ . ~l - , ii (lil t , sound ~r tCIi1~~0i’a t t UIn’ e t c .  , are assumed to  he lnea’ - - m m , ’ —

m l !  a’ a r ia!  ( d l i  I))’ ( ‘ ( I l ver ted IltO el C ’CI  i’~~~ 5 itIllal l S , wh 1 ( 11  are call a l

time ,‘e’,po nm nen of t ime object - The basic m’ , numil l a t ion in st n t i s t i c a l

c l i’ ,’; i t  i a a t  ion m s  t hal t the res ponse of ea c i m o t a ,1e t has a probat’H -

i t y  I i  s t r i h ut l o l l.  Some ~iiqoi’ i thmus [l .2 ,3] we r e developed to ideii-

f Y  00( 1 1 ob ,j ec t by us ing the aV a i  lah Ic i n t o r mna t  ion , wh i ii ranges

ro m im com i mp i ete st at i stic ~n 1 knowled ge of tile di n t ri buti on to no

k mi a w l  edge a ’ \~ Opt t ha t. wh i c II con be deduced from tile miieasu red

) e ’d a OImSe -

M a  m e  cpe c i t  I ( i l l  y • wi m e n I lie S ta l  t 5 t i r’; Of a l l  t lie ii c t  eM

a a t a i e c  t ’. a re known , t i e  m’enpOIise of  an o bs e rv e d  ob ,j ec t is comp a ‘ a t

- 
- 

w i t  h the m e ’. polices  of I bmo ’ ;e knoWn ob jec t  s - The ohj  ec t i s 1 hen

1 1

___________ ~~~~~~~~~~~ 0~~~~_ . ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ‘—--- -‘~~~~ —-_
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l a s s !  t a t  m~~ ( I ll’ ( t a ’ I m i o w i i  a a b , p a  i s  l ay  a a ’ a ’ t a ’ t  a p ’ i ’ H i a ’ O  C m ’ i t e m ’ i o n .

E l l a ’  ‘ t ’ t a t  II 5-l i 01) ( ‘ a  I I ‘ i t  a l a )  II a - a t  t a t  a ” ‘ S m  ‘ I m l i i S ( ~u l 1 eM

I (or Ij ~~ t a ’ 1 )  c l a s s . coni v vr mt l im l  L l , i S S i t i (  m t j o n

Pa ’ S ‘ a t u m e n  d ’ , ’ , i l l i l a ’  tim - it the o b j e c t  t i  [a t ’  l a s t  i fi ad is in the l i n t

a f t  ( I S ’  k mla l i - J l I  obje ts . h i - o v a ’ , s i l l  e t, Sa li s t  Di tile m t c a L a j a m a a t

ml! ) t a  I’ , I’; v e ry  a t  t a i l  mot  a - , i i a u ’ L i ve , ft is ass um imptiO l i  is iiot

a I a - a  y v a lid.

I b a ’ o f ten  a ’ ml c Ol i i i t ,t ’ l ’ a a l  prob ! a l l  is that the funct ton al

t a a ~~mn o t  t ime dict m i but i o mm s af  t u e  1 i s t a ’ d  objects inc known , h u t

‘ a l i f ia ’ paa ’ m i n e t a ’r - ot these distrib ution ’ are unknown . A gre a t deal

ot • i t  ort.[4 .5] has been devot ed to solve these kinds of proh l em ims

li t i a l  y , ci assi t cation a t ’ tile ob jec ts  w i thou t  knowing the para—

l i s a ”- o f  t h e  Ii ctr ’nbut i o n s - Two procedures IOa ’ usual ly  emplo yed

in s o l v i n g  this problem :

( I )  t n t  imat ion at  t ime po ra m e t e m ’- and t i mel  r use to do the

c i  an s i f i a ’a t ion is ordinary paraumetric c l a ss i  f icat ion,

and

(2 )  CI ass i  f i c a t i a r m  of the object di m e c t i y  wi thout  knowing

the paraml ieters of all distributIons.

The Ii i-st pr iac e ture turns out to be a learning process ,

‘ i i j a a ’ r v  i ned or unsuper vi sod depending on the labelin g of the ob—

‘ a ’ m ’ved samp le - - - Bo t h  le am ’ n in a i  l r O Cc S S e S  am - e the nmse l yes another

~ I a r m i i  a t  t ime s t a t  I s f ’ j  c m l  en t i nmat i  on. Ti le superv ised process

l i lat ’ Is a ’ m a i m na m ii pl c “to ha ’ learned” a’; an ohj e c t  in the cat a log ued

a: l ,is ’ ~nid the minnu pe rv I ned la t - oc e ns assigns a priori probab i l i t ies

t a m  a l l  t lie o bj e c t s  in the catalogued class although it does riot

- ~~~._ - ~~~~~~~~~~~~~~~~~~~~~ .-~~ — - .  ~~~~~---., ~~~~~~~~~- ‘  -~~~~ ‘ -~~~~- . . -
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lOb e! l i l Y  t a t ’ time ‘ i l l i j a l es  . M at  im l i l a  a S S ) ’ , possess a u underi vi r m g

a s - n a t i o n  t i mat ill the l e au ’ m ia ’ d  samples o r iq ina te  t m ali the list .—

el class , wim i ch is , as s toted before , not always co immp lc te

l y e .

The second procedure is a c l a s s i f i c a t i o n  which does not ust

t ime par - mn iet er of t ime distributions and is called no n i—par aim metri c

Jansi  t i a  u t i o n m .  It does riot require any infor t i mat ion about t u e

d is t i - i b u t i o n  of e a ’h object in the catalogued class but the

mali l l l he r of the ob jec ts  and their  deternm ini stic responses have to

l It known before an al gorithm u can be devised to do the c lassi f i -

c a t , ion.

The probl cm ii studied in this work is different from the

or-dinary paraiimetr ic classification problem s in that it includes

an addit ional a l te rnat ive ,  the ,resence of an unc ataloqued class.

It is also different from a non-para immetric pro olem im in an obvious

w a y.  The al ternat ives in a non—parametr ic problem are c lear ly

defined while they are incom imp ietely defined in this problem .

The paraumleters of the distributions are not known in a non-

parametric problem but are not necessarily unknown in our problem.

The fact that all the classification schermmes ignore the

existence of the unlisted objects is due to the difficulty in

hand ] i rig the problem , not because of its insignificance. Since

the unlisted objects are usually unknown to a system design er , it

a is very d i f f i cu l t  to predict the performance of a system c l a s s i f y —

irig the unl is ted c lass  as distinct from the listed class. Also

‘- j r i c r ’ the statistics of the unlisted class are unknown , them - a’ is

—~~~~~~~~~~ ~~~~~~~~~ - - - — - - - - —~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 0 - , , 0~~~~~,
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mi ‘,- a a  - t i m - i t  i r a  ‘ j t  i m m uii m ’ e r I t a - m i  Oil a m a  ta m’ set up t i  ~ U l I t  - t h a t

h a ’ . ) a j l l  a a t  5 1 1  a n y ,  I au - Hia i ’ ieva ’r , f o r  some s las ’ ; i f i t a ”  it IS

imp a r t  ant  to i Mer it  i t  y a n unexpected or uii kr lowr i ob _je c t . I a a r  111 -

S t a l l  a ’ , t ht r,jd~ia ’ [S t a t  t a r s  j i m d i r - surve i 1 la r i s t ’  a t ’ s developed to

d a t  a ’ I ,ii a L a a i i a ’ obja’ ts . There art ,’ m l m an my sc ime nia ’s developcd to

id t ’ r i t  l i v  a m ~ ob ,ja’ct at t a m ~ a rada m - de tec ts  sonic i-e .po n ’— a  t ronm a

t a m ’ m a t . , -~ a i a i i v a n t  l isil a i r c i - a f t  c l ass i f i e r  detects  the e lec t ra -

a ; a a ’ t  I a  s c a t  I a l l  f l (  i t t  ur r ~ t romim arm a i rp lane arid co nm p aa - e s it wi to

tha  l i s t  i t  the re - am es a t  a ll the know Il ai i’c raft targets and

11t eml i p t 5 to c l a s s i f y  an observed target into one of them[6 ,7].

~t ’t , t h i t ’  s t a p t ’d da ta  ot the resp o r i sa ’ s  are by no nmeans complete

arid a - c l a u s  t i V t  - When a t a r g e t  is present arid i ts  response looks
‘ a l t ’ ’  0, 1 t i l t ’  radar , it i s  ectre n:mel y important riot to exclude the

j o ’ . ibi ii t,y a t  its being a n un known ai i-borne target , per haps

It ’ll] a l e v a l o l m e d . Th eo - t t m l m a , it is essen t ia l  to determine at the

v a ’ m v  l a o ’ a i  m n f l i r i a j  s t m i a  of c l a s s i f i c a t i o n  if the observed tam - ge t  is

in the l i s t .  Once it is decided that the tam-ge t is in the l i s ted

a l a ss , inc can use a convent i onal scheme to c lass i f y  it as one

a t  t i l t  kuiowr i targc’ t s - If i t  is not , the target is desi gnated as

0 l a W  one a rid a lear - ni rig j aroc ens is erupl oyed to est imate i ts

a a n a - a .

— Another example is the Electrocardio gram (EKG ) used to

di,i inaIse a di noose .  A person can be c lassi  fied into nine di ffer-

ent ntates [8]  which include the nornma l state.  However , a pecul ia r

disea se not described by any of these nine states nay never be
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laIn 1 . ( ‘ a! . i t  1,- a i i  ld t a t  a la ’. i n  ‘a l a  i t’  t o  alove ] u ia  ,l S t  hemi.’ t a i (term t i t y

l I l a  c~aet t a i l  O~’ u nmk ,m a a1 ~n m di ‘a’a ‘ a ’ ’

I t  1 5 t iit’rt’ t or-€’ th a’ PU iNiO5~~ ta t t hi S W() r k to dove] O~ a nii e t h u d

t o  M ist! niqii ‘i i  wh ether  an ob _ j e c t  is  in the ii’. ted or un l i s ted

c I  , n — .’. before oni c m l i  u - a ’ any an v e n t i o r m a  1 m iaa ’ th o d to do the c la ’ .si —

i~ a t  ion. Tb 1 ’ , 1 m ’ a ’ t  a ’ ITCd to as a p r o b l e m  of identi I ying uncata—

iolj ut - d o bj a ’ c t s  05 a l l  s t  m et. 1 1-0111 c a t a logued Obj t ’ t ’t , s .

Oun m a o i n~ e f t  tar t w i l l  be devoted to s ol ye the above prob 1 em

Lila ’ me thod dev 1 ned is based on the i dm’a that ~n opt ilIlUIll (‘ l ass  i f i  en-

- _ the Oni(’ wbl i ch inmi ii inn :es tile pn obabi ii ty of c lass  i t i cat ion

error. The dm ’v e 1 oped approach tends to Ill in i ni  ze the error proba —

b il i t v  ot i d e n t i f y i n g  an un c a t a l ogued object into the catalogued

one wh i le fi \ m g  the p roba b i l i t y  ot t u e  other kind of c l ass i  f i ca—

I io n e r ro r , v i :  - , ident i fyi rig a catalo g ued object a lS dii uncata—

I oqued one. The i-e ,n s orl i 11 (1 fair th  i s i pproach is des cr i bed in

l ilapt a ’i~ I I  , and a cr i to m- ion pm-oposed to guide the desi gni of a

c l as n i  I ier is desc r i beat  - Chapter III di 5CU55~ 5 some of the

sp e c ia l pi-oper t ies  of th is  c l a s s i f i e r  wh ich  is app] ied to seven -al

examples.  The scheme is shown to be e f f ec t i ve  i n  di st inqui shi rig

ti ia ’ li s ted  oh ,j -~ ts from uni is ted ones. The a]qor i  t hmni is sinipl e

in term s of imp leune ntat ion and computation t i n c .  In Chapte r IV ,

the scheme is app] ied to an ai i-cr af t  identi f i ca t  I on probi em and

he n ’a ’’ ; mi l I c  are presented.

-~~~ -~~~~~‘ ~~~~~~~~~~~~~~~~~~~~ - --- - - ~~~~~~~~~~~~~~~~~ ‘ —-~~~ ‘ ‘ -
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CHAPTER I I
MODEL D I S C U S S I O N  AND THE PROPOSED C R i T E R I O N

In this chapter, the basic philosophy of the algorithm is

discussed . Due to i ts  similari ty to the Neynian-Pearson rule , the

latter is reviewed. The proposed model is then introduced .

A. General
__

D i s c u s s i o n

A c lass i f ie r  measures a set of N features from the response

of an observed object to form a point in an N-dimensional space.

The N-dimensional space is referred to as the observation space.

In other words, every observa ti on can be represen ted as a po i nt

in the observation space. Every observation is assumed to be a

iineasureunent of the response of an object , which is corrupted by

sounie kind of noise. This noisy signal is then used to determine

to which class the observed object belongs.

In building an optimum c lass i f icat ion schenle , it is necessary

to define what an optimum performance is for a system . An

appropriate criterion for judging the performance of a class i f i-

cation system is the error probability in making decisions.

Minimizing this error probability is our ulti nlate goal in design-

ing a classification system . An optiniium system is therefore the

one which minimizes the probabil i ty of error in the identi f icat ion

process. In the problem considered , there are two kinds of errors

‘4
6 



- ‘~~~~~~~~~~~ ~~~~ - ~~~~~~~~~~~~ -~~~~~- 0

~~~~~~~~~~~~~~~~~~~~~~~~~~

I
I
I one can m ake i n  performing the c lass i f i ca t ion , namely, c lass i fy -

I m g  a catalogued object as an un catalo gue d one , and identifying

~.mni uncata logued object as a catalogued one . A reasonable approach

I ‘is to m ake the overall probability of misclassification as small

as possible , as is the case for a Bayes classifier. This requires

I t ha t

I 
(1 )  the a priori probabi l i t ies for each class be given , and

(2) the probabil i ty density functions of the observation

J vector be known when any of the c lasses are present.

The first one can be easil y met by assigning each class an

a priori probabil i ty . The second condition , however , wi l l  never

be satisfied since no knowledge about the unli sted class is avail-

able. A differe n t approach is therefore taken as follows .

In making a decis ion , the observation space is divided into

two regions , say Z N and Z x , corresponding to the catalogued class

N arid uncata loqued class X , respectively. The observed object is

c lass i f i ed  to N (or X ) if the measured resnonse fal ls into Z N ( or

‘x )
~ 

There fore , the probabilities of making errors in the identi-

fication are

I = PtX Z~~X }  , (1)

a PIx Z x J N } , (2 )

I
when-c x is the observed vector , a r e p r e s e n t s  the prob ability of

I error when N is true, r e p r e s e n t s  t h e  error probabi l i ty when X

is true.

II
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In terms of the distributions of the observed vector x, these

two equations can be expressed as

= I P(~1X)d~ , (3)
J Z N

and

a = J P(ilN)d~ ‘ (4)
Zx

where P(iIX) (or P(iIN)) is the prob ability distribution when X

(or N) is true . The inte g ral is the p ro bab ili ty that ~ fal ls

in to Z N (or Z~ ) when X (or N) is tru e.

It is clear tha t ~ cannot be com pute d since the class X is

unknown an d neither is P(~iX). In designin g a classifi er , one

can try to minimize the second error probability a by minimizi ng

if P(~iN) is known beforehand . However , when Z >~ shrinks , ZN

ex pand s , tendin g to increase ~~
. This is contrary to the main

pu rpose of minimizing the overall probabili ty of misclassification.

One way of solvin g the above difficult y is to f ix a inst ea d

of minimizing it while trying to minimize ZN , i.e ., to make Z~ as

lar ge as possible. This is similar to the basic assumption in

the Neyman-Pearson classification: minimizing one kin e of error

probability while fixing the other one . This leads us to intro-

duce the Neyman—Pearson rule. 



TU T’~~~i~~
I
I a

I B. Conventional Cl a ss i f ie rs

In the ca se of tw o clas ses , bot h of the two conven t ional

I criteria , Bayes ’ an d Neyman -Pear son ’ s, class ify the observed

I object into one of t he two known c lasses , say L an d K . The two

classe s L and K are some ti mes cal le d a learn i ng class and an

1 exterior class respectively. We refer to the error made when L

is true as a type one error (or false alarm ) and the other as a

I type two error (or miss) .  And we express their proba bilities as

I = P {xc K ~L }  , (5)

I = P{x ~ L J K }  , (6)

i where ~~ is the observed vector , and ~~, represent  the  probabi li-

ties of type one and type two errors , respectively. 
a

I The Bayes classifier , using the knowledge of the a priori

information and the statistical characteristic of the corrupting

I noise, m inimizes the average weighted error (or risk) by adjust-

I ing the decision process. An ordinary system governed by this

rule sets up a thre shol d to w h ich all the receive d s ig nals are

com par ed. The o b se rve d is then assi gned to one of th e two c la sses .

The pro b ab ili ty of misc lass i f ica t ion of this scheme i s m i n i mum .

I When the a priori probabilities of the two listed classes

‘ 
are not known , a Neyman-Pearson criterion is usually used . The

basic idea is to specify one kind of error , w h ich ever is consi der-

I ed more im portan t , say the first one .a , while minimiz i ng the

other. Ver y often , the metho d turns out to be a threshol d test

I
I

- -- ‘ - - ~~~~ ~~~~~~~~~~~~~~ - - - , , ‘~~~~~~~~ ‘ ‘



-TI:TT:~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

‘

~~~~~~~~~~

‘ -‘

10

and the threshold depends upon the first kind of error only. The

characteristic , that t he detec tor functions wi thout kn owle dg e

about K , i s called uniformly most powerful (UMP)[5].

C. ~j~yma n-Pearson Rul e

We fi rs t app ly th e Neyman -Pearson rule to a s pecial exam p le

below.

1 . One di mensional case

Suppose that there is only one object in each of the two

known classes and that the noise added to the signal is Gaussian

wi th zero mean an d variance o~~. In the ab sence of noise , the

signals from L and K are 
~l an d S2 respectively. The conditional

p robab ili t ies are therefore

1 -(x-S 1 )
2

P (xjL) = ~~~~~ex~( 2o2 ) (7)

1 -(x-S 2)2
P(x IK) = ~~~~~ex~( 202 ) (8)

where x is the observed si gnal .

Again , L and K represent the two known classes.

We want to keep the probability of making a type one error

a t some f ixe d value , say a t , w hi le minimizin g the p ro bab ili ty of

ma k in g a type two error . That is , we wan t to have

~ J P(x I L )dx  a , (9)
Z L

~~‘ 
;.; ~~-. ~~~~~~~~~~~~~ —- --- ‘. --‘~~~~ .— -s-- — -  - ~~~~~~~~~ -—~~~ -‘~~~ —-‘ -~~~
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and minimize

~ 
P(x I K)dx  . (10)

Z L
ZL and Z K are two dis joint regions occupying the whole ob-

servation space , and are associated with L and K respectively.

The object whose measured response lies in any of them is assigned

to the correspondin g c lass .

To solve the prob l em , construct a function F as follows :

F ~
PM + \ {P F- t ]

\ ( l ,a ) + [ P(x ~K) - X P(xtL)]dx . (11)

~
Z L

Since P F - a ~~
O, minimizing 

~M is ec,oiva lent to minimizin g F .

Now, foa any positive A we l ike the integrand to be as small

as possible ( i .e. , to be negative or zero ) such that F is mini-

nm m ized . Ther efore , if

P(x ~K) - P(~~ L) — 0 , a s s i g n  p o i n t  x to Z L (12)

Or , i f

< a assi gn to L , and to K otherwise. (13)

Defining

A (x) = -

~~~~

-

~

-

~~~~

- = exp [2x 2 1 ]~~~~~~~~~ (14)

we have

A(x) — ,
~ assign to L , and to K otherwise. ( l E )

1’
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Since 
~F 

~~‘ 
E q u a t i o n  (q) can also be written as

= P( A ~L) d ’  at  . (16)

The function P(A IL) can he evaluated by using the trans-

toni iat ion eg uat ion[9]

P (~~l L)  = P (x ( . ~) I L )  ~~~~~~~~~~~~~ T , , ( 1 7 )

where

in t he reg ion A is def ined

a LO, otherwise

(see Figure 1).

Mx )

~~~~~~~~~~~~~~~~~~~

I
Figure 1. ‘A =° for ,\~O since A(x ) is not

defined in this range.

1~i 
P (x(A fl L) , wher e A 0

P ( A I L )  ~~~~~~~~~~~~

0 , where ~~~~

:~~~

‘-
.
~~~~~~~~

— -  ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-‘
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Therefore , we find a solut ion \ k for Equation (16), which ,

substituting back to [quation (14), will give us the threshold x*.

Case S2 ~~~~~ 
(F igure 2)

Equation (16) can be transfor nimed back to the form of P (K !L)

w hen S2 ’ -S 1 (see Figure 1 and Equation (15)),

= P(x ~L)dx a~ . (18)

T his leads to

(x ~-S 1\
er fc  I.~ - - -s—-- -) ( 19)

or

X~~ = aaZ + S~ , (20)

where em-fc(x) arid z are defined as follows:

~-y 2/2
erfc(x) 

~ ~~~~~~~ 

dy , (21 )

and

- . em -fc (z ) a\ a t  . ( 2 2 )
‘ a —

P ( x J L )

~~~~~~~~~~~~~~~~~S $ X * S2
ZL 

-- Z J(

Figu re 2. The threshold x* for S2~S1.

I
• — 

.-. ~ _— ‘~~~ 0’ .— ~~~~~~~~~~~~~~ — —-  - —~~~~~~~~ — —
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m ,, i ’ ,n ’ Ia . “ ‘  “ I (I m a i m m i e

it is cle ar t,h,i t t or this a d na ’

I I ) a l\ = -a , (P3)

and  the threshold

~~~~ 

- a
~~

’ . ( ‘ - 1 )

Coimnbi i i i  ng Egnia t i a li as ( : a O )  and (~~4 ) ,  one Ol a t ii in

- 

~ 
= a :  sgml ( ~~~a -  

~i ) - ( P a )

S 2 ~x S 1 

~‘
‘— Z~~

—’— ~~~~~~~~ fl

I I a~u a ’ a , I t a t ’ t i in’cs ho It! t or 
~~~~ 

- ~a

‘ I he p’’ -~a L a i t  m 1 n I - , 0 n m no~ 111 1 .1 ‘~ a~’ I we t’ri~~i v - t ar bet  Ii a ’ , lSO ’ ,

a -
- a  , mni I - , 1’~

- 
I c

~~~~ I
a r i a  

~ 
“ 

I
— )  (26~

- ‘ ~-ali 1 a 1 i -
‘ iii i i i  inn 1 .~t ’ a l ~~( c a n a l  i m l ’ I  I a 1 t i me rim I a ’ .

t 

Di 51, U’ - S I OI l

A very t ’ oulmnon app i i ~‘ ,i t ! on t a t  t he OI1OV I’ resul t is in ,-adar

(lot 01’ lion . I is set to be t ile aib’ .en ma e a t  a I , i r a lm ’  I and K i t  s p1-c—

n o r m a  i’ - The t , m I so ii a num 1 s ke pt I a sOllil’ pro I n  ~ed c ons I an I , - -a v -~ -

~~~~~~~~ - ~--‘~~~~~~
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A CW i , ida i i ’  ala ’ I a ’ a  t n  t,ha’ t a , m a ’ k’ , a ,it ta’ra’d r et  u t - u ’- al i t1 i’ - ’ iq uls liii’ a a t i —

. 1 ‘a, I t a m (lIla’ of t ha’ aI hoVe ’ ca ‘ a ’ ’ , . I t ’ S;’ , the rio i ‘, i ‘ t n t  ‘ a ’  m a ’ ’ , ~a onm ‘~e

ot the ta~~ait ’ t i s  a’,’,unmeal to be a i r o a l t or than zen-o, a I h m ’ a” ,hold

In  ‘- a l  a l t  \ * __ ,~~~~, prov ia la ’d  that  the i nmje c t a ’ a l no ise is Gau s s i an

w i t  ii :a ’ m ’ l a  ne ,m m- arid var i , I I1 I& ’ o I ,2 The rio iso i s as s ummn ’d to tat ’

l; a m 1 - ~’- im  ~~~ e ‘i t  is th e  nmo st c o nm mmmuoni lv a ’ n ma our itc ’ real I y p e _  The

t, hre’ ,lio Id \~ is a ’o imm p l e t a ’  ly det e rnmn i mme d lay the nys te rn Pal ramiia ’ta ’ r ’

a a m i d  a a v a il w i t h o u t  knowing the am ig a l i tud e of S- - Ni’vei-t he 1 a ’s ’~

i t  1 ’ - l a ,i’ , a ’ a I  Oil I h~ ~i ssmi mim p t ion tina t ~‘a~~ -o and S 1 - ‘ 0. When a noi so

101 , 5  l a I t l a l  I ‘a . a  I’ , m m a a t  greate n- than on- t ’ a pial l to ,‘t’r(l , tile rosiil

I - , a l I t  t e , - en i l  . i t  is c i a - a m -  t h a t . i f  we have no a priori in i to n- m a t ion

albiiU I t ii1 ’ m a ’’ Imon -~a ’ of the ex tom-na I c I ,is s K , we have rio way 1)

m nid i nti the I hn-e- , i m a a I a I  x~ ,ia ’ c o m ding t o  t h a ’ rule. A more comi mp l i —

a ,i ted c ,m - .e w i t h  ‘,omo know l edaia’ of K w i l l  he brought. up i r a  t he

n le’ ( I se a t_ i on.

‘
- r n - d linens i oni~i1 a ’ , i ’ , a ’

I t  t lii.’ l’ ( ’nIlOrlSe of a111 object. i s  an n—tup l  e \ , corrupted by

: a ’ n ( a  miie’a g l G ,ia iss j ani  noise , the a ondi t jor ia l proba b i l i ty  (loris I t v

I unct j o i n is

P(\I I) = 

~)n h! 2 I~ j 1/ P t ’ \ p  P(
~~~ I )

T j~~l( X ~~ 1 

~1 ‘ (P7)

and

~N J K)  
( p a i ) ’~~Hl1 

1/2 ~‘~P [ ( \ s ) l ( \ ~ s ) j  ( )

w hom - c

- -, — -~~~~~~ 
-

~~
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h a

i s  I t i n ’ OI)s a’rv ’d s I a J n m a m  I ( a  aa I miii) \- an a a m -  -

s 1 ,inal ~a , , a m e  nio i ‘ , a ’ t i ’ a ’ a ’ ’ . lt jli a i I ( c a a l  111511 )  V O a  I a i r ’ , , and

- is , m m i m m \ Ii iO~ ‘ - a ’  a a a V , a m - i , a ! i a  e m;i,m ti - i \ -

j ima ’  a la a a v a ’  ca n ha ’ i mn p l i f  It ’d Lay ,a ii nia ’ , a i -  tm - , a m i s f ’orma t io ra  ,is

a b a  r iba ’d m m  [ h O ]  s ua ’h t h a t

\ (\ i~~~~a )?
I a ( \ ~~~~ h )  ,. a ’\~ a 

j i  i i  
- (,g)

~~~ 
- )

Ii [ ,
, 2

alit !

- 

~~:
‘ 

a

P(\ K) - 
W p , P ;r1 

a s I a  

= 
- 

~ 
-

~~J 

- 
(30)

Ilie SUlililial I i  O il ~t~ovt ’ is t ar n a ’d aa V a ’l i =1 t a i =n . The di  agoni —

I i t a t )  of tile ilO 150 a ’ovan ’ i an ca’ ia iat n j \ and til l ’ equal ii za Ii on at t i i a ’

V t  I li l a ’ a ’ 10 1 1(1 1 ra’ a]ll 1 1 1 ’  l I i a ’ lila ’ a a ’ a’ a ’l at edn iess aa f the  i rid i vi (lIsa 1

t ta a aapallla’Il t ,iL d t i l t ’ a i t l O V a ’ pi’ocos’~ a ’ ,ln l t~t ’ app ii a ’at f o r  ami y  Gauss i a n

f a t - O (  es’ [I I 1.
1 (10,11. 1 c a i~~ (pq ) and (30) can be t~n-t ilel- s imp h i  Ii ed by notat-

a na g ,mnd -~h m C t  I no the ((iom-d I n,a I a’ aS i s  t o  ob ta I n r

— n

o(x uf t )  
~~~~~~~ 

~~ 

L 

(31)

, tniab

I



- 

)
f l :  

C X h i  

L 

( ‘:I
’

,
-

,~~~
i-

~~~~
L),

’ 

- ~~~~ j (3~’)

whore the  abso I ti l e vu lim e ropresa ’ rm Is t i l t ’  1 oun r t h  of t he vec t t ar -

lbs 111 ( 1 l iii’ s imi le let ii nii qut’ us bet m a n e , ann’ a h t  a l l  Ii’,

-aa ~~, , - 
a - a , I

S ) a ’X j )  -

- P I ‘ ‘  P 1 a ) - \ I ( m m  t o  I~,

to L o t h t ’ m w j  sa ’ (33)

k x
’

~ 

x 2

- -a-

— S 8
% 2

—

— — — — 
‘ S 8
‘ I__________— ___________

i ajmu t o  4. Ro t , n t , i nq arid s f m il l  i rig a a a o m - a b i r a , m (a~ ,u Is (a _ a
O La t al i l l  a s imp 1 em ’ ( ‘ \ j a n n - s s  ion ton-
I goa t ions (P9) and (30).

I t  is 1 e ,in - th,i I t .bio doe i s  ion boundary i s al s I n - u i  qh 1 i i rio

i n  a t w o — d  ilIlt’i lS 1 Oil~l 1 s Ia al( e ,t Pl atlO in a I i im - i’ e—d linen’ - i ona 1 spat e

and a hypt ’rp 1,1111’ in ,irn ti— a l inn ( ’ ut s i ona 1 - , 1 a ,~1,~~’ 171 t iie t rains I a ,— nnma ’d

(lord u1~l t o ‘- y s  t (’lIl x ’ . Tb i s  boundary sun I , l ( ( ’ 1 5  t iii’tì 1150(1 ~~i t  ii

t int’ knowledge nI the prey i cmos ii iie8ir I rails fornima t, 1C~Il t o  Oht al ii the

l~n’ e- ,ho Id bo undar y mn I he em - i q 111,1 1 s y s t e m s  -
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DECISION BOUND~~~Y

Figure 5. The distance between Sj and the
decision boundary in the x ’
coord inate system s is z ~a .

It is interesti n g to note that the distance between the deci-

sion boundary and S~ is still z 1 r (Figure 5). Obviously, the deci-

sion plane depends on the orientation of Sj and and their rela-

tive positions too. However , it is always a hyperpl ane tangential

to the hypersphere , who se  r a d i u s  i s  z , , centered at S~ in the x ’

coordina te systemli (Figure 6). Note that the radius is independent

of S~ .

Figure 6. Al l  possible decision planes are
tangent to the hypersp here of
radius z ,~’ , centered at  S~ .
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f aa’ a r a a ’ r  a a l - , a i a  m l  m ’  , - ‘~~-a ’ C i i i S  n — o i i i i a ’ i a ” ,ional case is

a a f a f , i n r m a ’al s i a m m n l a m ’ i ] v  a ] 5

a 

a e r fe  , 

I P 1 I
~~ , (3 5)

win’rc ‘
~ 

‘
, a n a l  S~ are t he tra nisfo n-nied vec to rs  of arid S 1 d i scuss—

ed hefot-e .

Note th,t t when i t t ’ al in of observed signal s , x 1 , x~ —

a n~a~ taken independent 1 v ,  t he noi ses added to each component at- c

ven-y o f ten  independent of on e another. One can s imply use

Equations (?Q) and (30) di rec tl y .

U. Middleton ’ s Modif i  eLI Na’ y i i mani— I ’ eai - so n Rul e

Whe n the re is ‘ware I han ( a l i t ’ a ’l emenit in e i tiia’n a l l the two

il ,iSses , or when S 1 ,inaj ~~, are s t a t  in t l  cal lv d in t  i’i htm tea l  in t i re

obs e r V a it i  on s m a a c e  P . M idd let on la ro la os ea l  t (a fi s the ,iveraa]e a ) l

1 - a’ - ‘~ F , US teld of ia~ and tfl~ 1) 1111 1 :e t i r a ’ ave t - age of 
~M ’ I . e

P9 -[ lP~ . This  requires the cond i I j o na l  proha~ i l i ly  dens i t y

a 
I m i d  loris P( S 1 L) ,ind P( S~ 1 K ) .

I 1 . One e 1 emllont ~ ii L

~i ) Suppose there i s  only one el omnnent in the 1 ear n j u g  ci a lS S

I L, say 
~i 

, in a one-d imens I ona I observ ation space , and two el ellncnits

S 1 arid ~~~ in the exter ior C l a ss  K w i l i i

U P(S~,1 K) — 01I L

I I

i

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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P(5 2) K) = p
2 

1 - p1 - 
(36 )

Gy U5i11 ( j the Si l I li la i r miae t hod , we can obtain the decision

rule an :- ‘ p 1P(x ~S 21
)+p P(X ~S 22

)
\ ( x )  = ~~~~

-
~~~~

— \ assign to l\,

to L otherwise . (37)

if the co rrupti ng noise is Gau ssian w i th  zero mean and

var i a nce of ~2 -~(x) becomes

‘a ( X )  = p1 exp

+ 

~2 ~~~

= A(x )  + B( x ) , 
(38)

w here

A( s )  = 

~l 
exp (39)

B ( x )  = ~ 
~

,

2x(S22 -S )-(S~2-S~ )~ (40)

_ _  J
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1
As before

1 1 ’
= a = 

j 
P(.~IL)d ’ (16)

1 
t1*

I = J P (xlL)dx . (41)
Z K

I Note that P(xIL) is independent of S21,S22.

When S21,S22 -S 1 or S21 ,S22-S 1, the threshold turns out to be the

I same as in the one c-lc -nime nt case ob t a im med in the last section .

A( x)  = A ( x ) + B ( x )

A ( x )

~~~~~~~~~~~~~~~~~~~~~~~~~~ —

F igure 7. A special case for A (x), where S22<S1 <$21.ZL is a region covering [x~,x~].

I When S22<S1<S 21 (Figure 7) or S22=S 1~ S21, ZL = [x~ ,x~] can

be found by Equation s (41) and (38). A table is construct eu ofI ~(A )  vs A frouii Equation (16) and ~ ~ is chosen such  that  ( , \ * )

is equal to the pref ixed value . Tine corresponding ~~~~ are then

obtained from Equation (38).

I

I

— ____________
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The region Z L depends not only upon the relative positions

of 
~~1 

,S22 to but also upon the values of 
~21~~1’ S22-S1,

p1 P ( S
21~ K) and p2P( S 22~ K).  This above conclusion holds in a

ai a u l t i - a l  m i i ie i as ion  case w i t h  the scalors bei rg repl aced by the vectors .

When there are more than two elements in K, the computation

is even nniore complicated and results in a more intricate region

LL . a

(b) if there is only one element in the learning class

L and is distr ibuted in the observ at ion space Z as fol lows :

n 
_ _ _ _p(

~~2 l K )  (
~~ ) exp 

[- 2a~ 
(42)

j . ’ , n a n ’ ; i i a l l y  d istr ibuted around 
~~~~~

.

- in ’ iI ,i V a -

= I P (~ 2~K) P(~~~2 )d~2 . (43 )

Suppose, the noises added to each component are independent

of one another and are again Gaussian with zero mean and varianc e

2 , Equation (43) becomes

— 
n [ 

i~~
-
~H

2 l
<P (xIK)~ ( I 7 ~z~’~T) exp 

~~

- 

~~~~~~~~~~ 2
) j  

(44)

App l ying the same technique , we obtain

( )  ~f(~f K )~-
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nl/ a 

t~~ p [ 2 L ~
I’ -~1 (46)

171(1 1 c,t l j ul11 t hat ,~~~ ~ ~ is alq~ in indepen dent  o f S 2, and de-

ponds on a (an  I v . The ala ’C 1 s i on bou tida ry here is ,i hypers phere with

t I n’ t- ,~d 1115 t a t ’ 1 71( 1 a~ f u n m t t i  on of -~ .

The ~tboy ’ O\ ,laaa b a 1 e detnionl st m-a ten that i f  the  di  s tn— i hut ion of

~~ is synli mna ’tni c with t-espect to S1, the dec ision boundary wi ll de-

pend upon the pm -os (‘t I al so a l,in’ms prohab 11 i ty ~ onl y .

P - M a _ m it I p ie el em iren ts in 1,

Wheni there 1 s i’:aa r a - t li aai oi aa ’ e 1 omen t in L , t he compu t , it i  on

la a ’c am~ies more c’~ nnp I i  c ,t t i’d hut the n’ii I i ’s still ho 1 d . An example i s

von her— c

Suppose t here are tw o ci ennents in L , whose correspo nidi ng

no i s o I roe ito in I s  ~ir(’ ~~ 
urid S

~ 
in a two—d i mnenis i ona 1 OhS(’ l’V , i  —

tion space. Als o , 
~l 1 ~lP allid P ( S 1 1 I L ) P(~~lp I L ) l/ P .  S p is

uniformly distributed in  a c in - c le, cente t -ed at the onialin with

the t -a  - i us of r 5 .

T lien

~~~ ~~ J P (s - S , ) P ( S , K ) a I W ,

- m s  1 - ‘ - ~~~~~~
“ 

~~ i— 

0 ~~“ a ’ 

- 

~

‘ 

~ n~ 
d S ,~ ali a

I ) (‘NP 
~

— -~~~~~~~-~~-~-~~~ - - -  - ~~
- -—-— -

~~~~~~~~~ 
- -- —-

~~~~~-
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a

where 10 is the modified Bessel function of order zero and is an

even function of its argument (Figure 8).

10 ( x )

Figure 8. A nio dif iea i Bessel f’jniction of degree
zero is a two-di mensional hyperbolic
cosine funct ion.

Also

= 

~~~~~ [es~ 
~ J~~~S ! 2

) exp 
~~~

-

\~~ 
+S’ -

= 

2 , 2 exp ç-~~~2~ 
) cosii ( ~~~~ ~ (48)

k
wmi ere s

~ 
is the inn er product of two vectors  ~ and

arid

(
~~~s)

a ( )  =

x S cos - -

where a1 is the directional angle of ~ and ~1l •

—
~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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It is clear that the decis ion boundary is no longer a c i r c le

here (Figure 9).

~~~~~~~~~~~~~~~~

Figure 9. Constant \ * cu rves .

E. Identifyin g U n l i s ted Objects

So fa r, we have catalogued all the known objects into two

classes ; viz., the learning class L and the exterior class K.

The observation space Z is divided into two disjoint regions ZL

an d ZK , corres ponding to the two classes L and K. The observed

object is assumed to be one of the known objects . I ts res ponse

is measu red and assigned , accor d in g to th e reg ion where the mea-

surement fal ls , to one of the two classes . T he c lass i f ier is

claimed to be optimum in that it minimizes one kind of classifi-

cation error while fixing the other one.

In our p rob lem , there are also two disjoint classes: viz.,

the listed and the unlisted classes . To make a classification ,

or more s peci f ica 1l y, to decide whether an object is known or

not , there are also two kinds of errors , naniel y, the en- n- ta n- nade

~~~~ —‘--- —‘----- _ ‘
~~~~~~~~~~~ :_ , s  ~~~~~~~~~~~~~~~ 

— -— —‘ - - ‘ - . 
—
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vliia iI N is ti’uc ,and the L ’ rasar Ii,1dL’ when X is true. Howe ve a- , since

the objects iii ta m e un l i s ted  c lass  are unknow n , no a priori infor—

nat i on  a hou t  t i r a ~ n is a v a i l a b l e .  Cons equent ly ,  nmin im r m iz ing the

a ’!’r a)a ’ Ii ,laj a.’ when X i s  true or f i x i ng  th is ki mid of error is not

possib le .

note t na  t in ic case of N~- s i n  - Pea a on rule t h e observa —

tio ni space 2 is d iv ided into two a wa a l io n l s , Z L and 2 K corresponding

t a  ti le t O Ll c l a s s e s  L and K. Si m mm i 1 an ly, in deal i ng i-- i th our

prob lem , we can a l so  d iv ide  the observati on space Z into two

i- ea) ions Z N a r i a ~ ~~~ 
associated w i t h the l is ted c lass  and the un—

l i s t e d  c l ass  r’n’ s p e c t i v a l v .  Any observed measurem ent that fa l ls

into the region Z N (on ’ Z~
) w i l l  be ident i f ied as belonging to the

l i s t e d  (or un l i s ted)  c l a s s .  The error made when N is true is

ailSO called a type Lane error and the error made when X is true is

a type tw o e m - or .  The fo l low ing  cr1 ten on is used to tenmni ne

an opti ms um nm c l ass i f i e r .

1. The_cr i ter ion

In discriminating between uncatalogued obj ects from cata-

-
, 

logued objects , the observation space Z is divided into two dis-

joint regions ZN an d Z~ , associated with the listed and the un-

listed classes respective ly. When the error probabilit y of

-

~ classifying a known object in the listed class to the unlisted
— 

class is pre fixed to a specific value other than zero , the opti-

mo rn rule is the one whic h minimizes ZN.

By mii inim u izing _ Z~ we mn mean minimizing _ V (Z N) , the volume of

the region 7N’ whene we use the notation

- ~~~~ - — ~~~~ —— - - - — 
~~~ -- .-~~~ 

~~~- ---— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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V ( Z a) 

~~‘
Za 

dx

The main idea here is similar to that of the Neyman-Pearson

classifier . In the latter , the probability of making a type two

error is m inim ized whi le that of making a type one error is fixed.

In our  case , a type two error is impossible to determine ; instead ,

the type one error probability is fixed , while the volume of ZN,

the region associated with the listed class , is mini m ized. By

rnmini inizing V(Z 14), the possibi lity of an unlisted object response

fal l ing into ZN w i l l  a lso be minimized , thus reducing the possibil-

ity of making a type two error. This can be clearly seen from

Equation (3).  Since P(~iX)  is always posit ive , whenever the

reg i on ZN decreases , ~ wi l l be reduced accordingly.

This is indeed an optumum c lass i f ie r  which we need in

identif ying an unknown object. The criterion prefixes the type

one error probability such that the region ZN is large enough

not to exclude noisy responses from the known objects. Mean-

while ZN is kept by the criterion as small as possible so that

the c lassi f ier  can most effectively identify an unknown object.

Therefore, the main philosophy in designing a classifier

to identify an unknown object is based on the following two

principles :

1. Keeping the probabili ty of misclassifying a listed

object as unlisted to a fix ed va lue. Thi s is done

by fixing the error p robability ~ when construc ting

th e re g ion ZN .

I

‘- - - a ’- - - - a, 
- - 
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P. N i  nm h u m  .
- a I a ,  t ilt’ I I ke I im noal 01 a l a - , ’ i t v iniq ,t n i unit t I n  -

l a a a j a ia ’ah aa l a j a ’ a I as a , t t  a l o a ; u a ’ ah .  T i m in I s  I t  a a a n ip l  s h ied L a y

m l m i n m i l l I i /  li n t ; L iii’ vt al u inia ’ ot ‘N’ t i me a a ’a~ ialn , t ’ S ( l t  i,t t t ’ t I

- 
a-i I Ih th e K ma lvii a l a ’ ;  s

Na a I a ’ I hat t I 110 1, is t. i - t m It’ imp l it ’ s  nh ii t i l i  / i n i a l  t i n ’ I y 1at ’  t w a  a

a ’ rm aa m’  1 1 t 0 b a 1 1  i I a t y  w i t  Im o ut a l i i V  lil t a a a i u , a  t ion i  a ’ l’ a l , am L j m l a ~ t he u im ktiow n m

a l,i’,s .

- - ‘N ,iii t a t ’  am a a a u i l a , ia t . m’ t ’ a; iOri  a Ir a ‘ c t  of ‘,t ’v en- a i ]  d i s j o in t

1 ta ns , a l a ’pe’ ial 1 t iq q a o im Lila ’ di t i i  him t 100 a l t  t he a a h ’ , e rv ea_ l  v e c t o r

itt time ohst ’ rva t i ta n nia a I a ~~ 2. H a a wov a ’r , I ha ’ va i l umime of ‘N ~ S

— a l a- i , a a , i m i  t o  w ln’mi the ( ‘ a a ( a a  p r o La at a i  l i t  v is g m- eater  t t ia u i  _ - era a

w he r m t a’qu1t Is .- t ’ n ’o , t i l t ’ ia n— o h I aiim l a a ’non na ’’, t a  iv  ia l and is not a t a i l  —

S ( It ’ i i’d  hera ’ )  . liii’, w i l l  t at ’ pm — tm veal l , a t  a ’ m  . S I n a t ’  I h a ’ v a a l  wnue of

t i lt ’ I t ’ll ~~~ N t l m i n illl i ‘ e a t , the a _ l i  ta ’t—ion ~
-. m - a~~ a ’ a ’m ~a ’at t a _ a  a ’ , m

i~ a i m i n  i un mm m m ii  vol um i a t~ t ’ j  i a ’r ta i l .  T ha ’ two ma - a t  ~0niS 1N ,imid ‘~~~ all’0 di’;-

j o i n t  allld (a a _ ( l i l a _v the w h o l e  a a ta ’ ,a ’ m v , a t  l O l l  s l a , ic a ’ . S a a nia ’  a _ a t  t he i r  pro—
p 

laer t  i t” , w i l l  t a o I urt bm a ’ t -  d h - ,a: us - ~t ’ a l  in the nex t  a ha ipt en ’ .

- 
_ - Nut I I  a

We a 1 ,a ’ -,’, r t a, , t ni ob’ ,a ’ m - vo a l  ob ,ia ’ c I to [ a t ’ ( l i l t ’  al t  t h e  I no a _ i  , lSS t ’’ ,

nlu muio 1 , N ,tntl ~
‘
, il” we ~m a ’ t ‘0)1110 a ” , l a a a n ’ ,e s  I rom im al~ i oiaj a ’d t - T h i s

a c t u a l  N i n m p l  a~- . t ha t  t ine a l , t s ’ , I t  l t -r m m m v  ma,ikt ’ nm ide n m t ~t ia  n t  io n

oven w i t  mon t the l am ’ a ’ sou ma  a t a t  ~m I a v  a a t a j a ’ t t , 50 lo nn a ;  i’ ,i i a - p a l i s a ’  5

- ,h taw n fl t i ’  i m a a ’ , a ’ , a a , - e m m m e n l  t - T i m e a l ’ ,t ’  a a  I rio aaI a ,i a ’a t~ ; a t ’ a ’ senl t~ is i ride—

petideni I t a t  t he  t w a _ i ai foronm eur t I tiiit ’tl ~ 1 ,i’.st ”, a lnl a l is a mnl o t hem - Li Ot t  a a t

- ~~~~~~~~~~~~~~~~~~~~ 
- ---~-‘~~~~~ ——~~~~~~~~~~~~~~~ -‘~~~~~~ - ~~~-- -~~~~~ _~~~~~~~
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a l , iss i t ’ , a ’l t .  i t  is  t b u e n ’ e t a a m a ’  t : a l i a ’ al a nul l  c Las s ,ind is a tt ’ i iO ta ’ a I

l ay

In ,a ~ai ’ aa ; t i c a l  ‘- y ’  Lain , nmo i so in ,aa l ( ia ’ d to t h e  ( at - i  gi n i l  nit;-

ni~i 1 ,irid in n ’ a’ f 1 ec ted in a l l  Immeasure li leni t~ s - T h e t e  l i a m a  , w h e n  a

ate tec tot’ de tec t  a i gnu 1 , t i ta ’ poss i b i l i t y  that a tes ted v a ’ L ; t Or

is on- i aj I n a t  i ng frotmn a ra u 11 c l a s s  ca nnot be n- u i ed out and should

[a t ’ taken into c o m is ide ra t io u i  in arm identi f i c a t i o r a  pn-ob leni . Tha ’

no isa ’  t ,-eo gnu 1 0 t a na_ i l 1 a l a s s  is obv ious ly  zero , invar iant

w i t ia the features selected and m i ma y be considered a know n m obj ect .

F i gu me 10 shlaaws an app ii cat i on of this concept .  The nu ll

e l,inn is com u mbined nith the l i s t e d  a ; las s  N to form mn a new class N ’ .

N ’  i s  tha ’ ra a _ a seal , w i t h  the preset e m ’ isum - pi’ohabi 1 i ty to m a t y pe  one

i’ m- n- or ,u’ . dof i r IOt ) ? a e t ma r a ’ , to const ruct al I-0
~~ i on-i /~ a f or  the  new

listed class N’ . A mneasma i - a’d vec ton is t a s t e d  whethe m- it is in

It  i t  ~5 in ‘ N ’ . ~a con vent iona l  sc hemmie is used to ident i fy

a the ot a ,ja ’ a _ I i ,  a a l u a ’ of the catalogued o b j e c t s , in ic ludina ; the case

~ - 
ait na _a a a t a l t ’ a

Note th,i t the m e l  a t i  ye frequency of occur m - enmce of each

Ot ) , l a ’ a  I rn the n e w  l i s t e d  c l a ss , inc 1 udi rig tha I of t ha ’ null cl dS S

h i ’ - to t a t ’ k ui tw n i t a _ -a co nst , -uc t  the n- a ’a ; i a a n  Z N . Therefor e , t h e  a

l a n ’ i  a a l  ; a r o t a t t a  i i i  ty a f  t ha’ nul l  a~lass w h e n  both -
, and N a n’ a ’ pro—

I ra - . t o  ha ’ a t e t t - m - i n n i n m a ’ t I t a e t  a r t ’ h i , t n i d . S m i t e  i t  c a m i ‘— i na qe fro m ai

s t m m a l l  n a a a i i i t a , ’ m -  t I aa’ ,a ’ to ,‘t ’ t - a a t o  sonic rmu um mb a ’n’ i ma ’, nm -  one , depon idi mit t on

t nt ’ sy ,  t eirm • W a ’ w r I l  1101 l i l a  I uale the na _ ill class in Oman- saatas eq uen t

( l i S a _ m a s s  a a n m , . ib aa w n’y i ’t , the ar aa n” , s  i s  ‘.j rni i 1a m - I o the N t ,i’ ;e arid

i s  rn i ;a  l i t  l I t ’ I t n t  1 am a j t ’al i r a I he (Je na ’m- a 1 d i s cuss  i o n .  Un 1 a ’ s s

1— 
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the a priori probabili ty of the n ull class is close to one , in

- 
which case ZN is enlarged ir a the vicinity of the ori gin , no

special considerat ion is necessary for the null clas s. Neverthe-

less, a design engineer should not ignore the existence of a

- -  null c lass  in a practical system .
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CHAPTER III
SOME P R O P E R T I E S  OF THE R E G I O N  Z N

The previous discuss ioni illustr ated the rules governing the

a l a ’ s i g t m  of a cl a insi fi a ’r for identifying unlisted objects as dis —

t i r a c t  f rom listed ones. The goal of the desi gn is to find a

rot; ion sat is fyi rig the cons tra i n-it that the vol umnte V (Z N ) be

nmm in i im nm iz c d  wh i le  f i x i ng  the probabi l i ty of mo aking a dec is ion error

w hen the observed object is in the listed class. The problem of

findin g a boundary surface separating the observation space Z

into Z N and is equivalent to that of f ind ing a threshold in a

tr~mn isfo rniied space. It ~ii l l be shown that utilizing the threshold

a; t ’ a _ ’ ,a t l  a
~ s impl i f ies  the problem .

We begin this chapter by detmmonstratin g sortie characteristics

of the reg ion- i Z N introduced in n the last chapter. With the assu n ip—

tio ni that the  probability density function of the observed vector-

is conti tiuous and bounded, we first show that there exists somne

ZN satisfying the proposed criter ion -i and that under certain con-

ditions ZN is utiique . The proof also reveals a method of con-

s t r u c t i n q  Z N.
A method of transformation is then deduced fmon im t he a t a o v a ’

n -n ’nul Y;. A few one-dinme ns i onal examp l es are worked out an a lytic —

a l l y,  I n general , however , a closed fornil solu tion is difficult

to ob t a i n , due to the complex i ty of the transfonna t ion for nim ost
of the functions encountered in practice. Yet , w i t h  the help of

32
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Mont e Car lo s i mula t ions , all the I)roblet liS are nutuberical ly solv-

a ble except in  the case s wheme Z N is not uni que. Two a lgor i th nms

at ’e proposed and appl ied to a pract ica l  a i rc ra f t  ident i f ica t ion

pmoble nar . The m e s u l t s  show that the cri terion leads to an effec-

t i ve and easil y in ip lemmie ui table scheme.

The proposed cr i ter ion is conimpared w i th  the Neynian-Pearson

criterion in a one-dinmensional case. It is shown that our schenme

is less sensitive to a priori infor ur iation of the unlisted class

than a Neynman-Pearson classifier to the a priori info rimmation of

the exterior class. However , in ternils of the probabi l i ty of mis-

classification , the latter does perfonim better because it minim ii izes

the error probabi l i ty  whi le  the former nh in im am izes the volume of the

reg i on only. The tradeoffs are also discussed.

A. Some Properties of Z N

A classifier measures a noise corrupted response of an

object, say x, and assigns the observed object into the listed

class or the unlisted one. The probability density function of

the nneasureni ient x when the listed class is present is denoted by

q (x) -\ P(~~N) . (50)

In case there are sever a l subclasses (or objects) C 1,C 2, ...

C 11 in the l is ted c lass ,  Equation (50) becomes

= Y P(
~ F C j ) P ( C

~ IN) (51) 
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where

n is the number of subclasses (or objects)

P(C
~ lN) is the relative frequency of occurrence of C~

in N, an d

Pt~l c~) is the conditional probabil i ty density function
a 

when C1 is present .

If the ith noise free signal S.~ is distributed over the

observation space Z and its distribution function is denoted by

f
~
(51~

C
~
), Equation (51 ) becomes

g(~ ) 
~ 

P(C 1 IN ) J P(iI
~ 1)f i(~ 1 lC i)d~~ 

. (52)

Here , P ( x I S ~
) is the probabil i ty dens i ty function of the

nireasured vector x wher n the noise free signal is 
~~~~

. The integ ra-

tion is carried out over the entire observation space.

Obvious ly, if there is only one subclass in N , Eq uat ion ( 52)

can be simplif ied as

g(~ ) = J P(~i~~)f(~ iN)d~
’ (53)

aga i n, f(~
’lN) is the probability density func t ion of the noise

free signal S.

In general , g (~ ) is eith er cont inuous or di scre te in the ob-

servation space. However , for mos t of p rac t ical ca ses , like

those w here Gauss i an noi se is add ed to no i se free s ig nal , g (~) is

con tinuous and defined over the whole observation space. Therefore ,

in the followi ng d iscussions , we wil l  make the assum pti on tha t

g (x) is continu nu s and bounded everywhere in the observation space.

~~~~~~~~~~~~~~~ 

-~~~ 
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Ft’cx ii t ire bdsi a a. im , a n’ a at er ist ics  aa t  a a n - m a [ aab j  Ii ty density

1 1mlla ~ t io n we al so have

J g(~ )dx = 1 , (54)
/ 

F

ari a_ I 
I 

-

q (x )  0 for a ll ~ in Z . (55 )

By dc f in i t ion , Z N is a region of observation space in which

an observed si gnal is assigned to the listed class. The probabil-

ity of nmiisc la ssifyi n g know n objects as unknown is therefare

= a ; (x ) d~~ (56)

where

L
N 

. \ Z - Z N = Z
~ 

, (57)

and ZN U Z N Z by definition.

In oth em - words , 
~F can be expressed as

Pr = 1 - 

J 
q(~ )dx . (58 ) —

Z N
Our ct - i ter ion is to hold P

~ 
a t  a fixed value ar-id to niini nii ize

the region ZN , viz., mm i i ni i n ii iz e

V ( Z N )  - \ J d\ , (59 )
Z N

provided that V(ZN ) exists .

The observat ion spa ce Z,  a s stated bef cm n’e , is d iv ided into

two dis ,io int reg ions 7 N and /~ by a threshold surface ST. The
c l a s s i f i c a t i o n  n u t ’s a re  a S  f o l l o w s :

L ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~—-—~~~~~~ —- - — —~~~ - -_
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Let N d enote the l iste d (known ) class , X the unlisted class

and C~ the observed object.

if x ZN C~ is assi gned to N ,

if X a Z~ C~ 
is ass igned to X , and

i f x i s on ST. C~ can go either way .

Usu a lly ST is contained in either ZN or Z~ , indicating that

ZN is a c lo sed or an op en se t. Our m a i n  objec t ive  here i s to f i n d

a threshold surface ST.

We now show that for a continuous and bound ed dens ity func-

tion g(~ ) the re exists a t leas t one reg ion Z N described by the

cr i ter ion . We f irst state and prove a l eniiia below and use it to

prove the existence of ZN .

I . Le mm a

A ssume that g (~ ), a p r o b a b i l i t y densi ty f u n c t i o n , is con t in-

uous an d bounded in the observation space Z and a~ is a num ber such

that O- -~~l . If a re gion ZN in Z sa t isfies

(1) ,f g(i)di = 1 - 
~a_ , (60)

ZN

(2) for any E ZN, ~
‘ I ZN

g(~ ) > g(~) ; (61)

and a region ZN I in  Z , different from ZN , satisfies

J g(x)d~
’ 

= 1 — , (62)
Z NI

then

J



~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_

I

37

- V ( Z 1~ ) (63)

2. ‘ u m a f

Wa’ first show that t t m e r e g i o n  Z 1~ spec i f i ed  by Equat ions (60)

aaa d (61) is finite and then show that for any ZN specif ieJ by

Equation (62) ,  [qua t t ion (63) holds.

Sir - ice 1- a _ - O , from Equation (60) we have

- 0

where ZN is the complement of Zt,t . This equa ti on shows t h a t  not

all g(~ ) 0 for ~ a ZN.

Therefore, there must exist  a Y l / Z N, such that g (y1 )=a>0 .

Fronia the given condition Equation (61) ,  vie have

g(~ ) ~ g(~ 1 ) = a > 0 for any c Z N

Also , by Equation (60) and the above

1 J g(~ )d~~~~a J d~Z N ZN
we get

I — 1dx V(ZN) ‘~ZN

Since a— O , V(Z N ) is finite.

If the reg ion Z~
i specif ied by Equation (62) is infinite ,

then Equation (63) is always true.

If ZN I is finite and different from ZN , then let

I
— - _s___~~_ —
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~ 
Z~~ ~ 

Z N

ama define

Z f I Z~~ I - Z
~

Lf A Z N
_ Z

C

Fronim the given conditi on s

g(~ )dx = J g( x ’ ) dx ’ 1 - a

N N’ 
a ’

Subtract ing the above by the integration over Z~
, one gets a

J g(~ )d~ 
= g(~ ’ )d~ ’

Z f~

Howeve r , s i n c e

q(~) g(x ’) for any ~ Zf

X ’ E Z f u

the above equa lity holds only if

I 
dx~~~ dx

That is

V(Z f) < V ( Z 1 a )

Addi ng the volumni e of 7C can both sides, we have

V t  Z N ) — v(Z~~)

This proves the lenuna .



We have shown tha t  anmong a l l  the regions sat is fy ing Equation

(62), the one specified by Equation (61) is finite and has the

minimum volume . Now we show that , for any g(i) being continuous

and bounded , there ex i sts at least a min imum regi on ZN satisfying

Equation (62).

We f irst construct a region

S(:,) t~~g(~ ) > ~
} 

, for  E~ > 0 (64) 
a

i.e., a reg i on form ed by all po i nts for whi c h the value of the
function g(i) is larger than or equal to ~~.

Its com p lement i s denote d by

S(~ ) ~ z - s(~)

= {x ~g(x )  rJ , for ~ ;- 0 . (65)

It can be proved , fol low ing the same reasoning line which

that V(ZN) was finite, that V(S(~ )) is always finitie if

F rom the l ema , if

‘S(~ ) 
g(~ )d~ = 1 - a (66 )

then S(~ ) is a m inimum region constrained by the criterion .

Now we prove the following theorem .

Theorem

For any con t inuous and bound ed p roba bili ty density func tion
g(i), and an -~~ such that O< - a _ < l , there exis ts a minimum ZN in Z

~t i s t j ing

I
L~~~ ~~ .~ ~~~~~~~~~~



— - -- — ,.--,..~~~...r -----’-----~- --- ~~~~~~~~~~~~ _~
—-- -.—------- 

- ~~~~~ - -  
-

•
-

— -~~~~~~ ±~~~~~‘,--. -- ~~~~~~~~~~~~~~~~~~~~~ - 
~~~~ A, 14~ a~ ~~~~~ 

- 
~~~~~ — - -— __

40

= 1 — a .
- Z N

Proof

Defining ~~
- -

G(~~) \ g(~ )d~ (67)
H 

— 

S(~ )

where S(~ ) is defined by Equation (64) .  - 

-

By the definition of S(~ ) and continuity of g(~ ),

S( r ) ~~~~~ SL 1 ) if 
~~~~ 

— -H ~-2 >

where is the milaximun i of g(~ ) in the observat ion space Z.

Note that S(~2) strict ly contains 
~
(
~

1)
~ 

The refor e we can

obtain

G( - ,2 ) -- G( : ,1 ) if : > 

~2 >

indicating that G (~ ) is a s t r ic t ly  decreasing function.

A l s o , from the basic characteristics of a pr obability den-

s i t y  f u n c t i o n , we have

G ( 0 )  = 1

and

0 , for any — .

I



-
-

1

(at ) I t  B ( c,) is a on I i ni aa oma ‘- a)ya’t’ [0,  
~~~ 

(I i q a a  m e  1 1 ) ,  ther m

m a t  0 b( r.) i’  ‘ 1 t i (  t l y  do ’ c re at ’ , i n m a j  iii , t im a ’ r m ’  i’ a m amma ’—

t o  - ( l i l a ’ c a  rn a ’ s lmotldenl ce I a o ’ tw o ’ a ’ nm ,i nial (;( F, ) .  i on ova ry

at  3 0- - a  1 , we I I maci ~i lanai gao’ F 1— ‘ m n  h t h a t

( ( : ‘ 
~ 

- - I - - a  - (taR)

is La o tweent 0 arid ‘

~~~~ 
a~~ I ri o t oqa ma 1 t o  0 on - -

s i nice f ) - a - 1

A’~ ‘, ha a w n m bet (a re , S( 5T ) i s  the  mnn i ni l l l lummm region ‘N -

G ( ~~)

° ~T~~~~m

I i a~a i m a-  1 1  - G( ~ ) is cont- ina uous

b) It G( C) i s rio - i l a ’ t )ni tini uous in a , sa y di sa ’on it i  nuous ,t t

a po i rm i  ~
_ F -~I 

([igurt ’ 1? ) ,  let ,

-\  i x l q ( x )  - C I  . ( b9)

G ( ~~)

- ~~~~~~~ - - - - 1
C)

d m

I iquro 1/. G ( : . ) is di’ -a cult m uons.

I

H
— ~~~~~~~~~~~ -~~~~~~~~--.~~~~~--  --  ~

-
~
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We have

G(
~d ) = GT(,:,d

+) + h (70)

where  h~O is a jump of G(~ ) at 
~d and

G( - , 
~~~) 

.

~ J g(~ )d~ . ( 7 1)

1 F d

From the de finition of G(~ ), it is clear that

6( d ) - G ( F d~
) J 

g(~ )di (72)
So(C d)

where is defined as

~ uig(~
) = (7~ )

viz., the set of al l  the points where g(~ ) =

This indicates that there is a f i ni t i e volume for

the region S O (C d ) in which the function g(~ ) is con-

stant and equals to 5d’ where the disc ontinuity of

G( - ’ ) occurs -

Consequently, for any number b such that 0<b<h/~d

we can ob ta i n a reg ion 
~ob
(
~
d) in 

~o
(
~d) so that

V(S ob
(.’ d )) b . 

(74 )

This is equivalent to

J g(~ )di E db (75)

-d

w i t h

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --~~~~~~~ -—~~ ,-~~ -~~
-‘- -——--- _ - --‘ -
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Sob (.
~
d)c S0(- d ) . (76 )

Therefore for any such that G(~,d~ )-~( 1~~t)-G( : d ), we can

choose a region

= S1 (~.d
) U 

~oa~ ’d~ 
(77)

such  t h a t

S
Oa

(C d ) C S O ( C d ) (78)

and

___________ 
h

V ( S O (C d )) = 

Cd ~d 
( 79)

is not unique since SO (C d ) d e f i n e d  by Equations (78)

and (79) is not. Nevertheless , from the previous l emma , S (C d ) is

a minimum region.

For any (1-~) lyin g in the continuous portion of 6(C), we

can , as before , o b t a i n  a u n i q u e  CT for eac h a such  th a t  G ( C -j - ) = l - a

since there is a one -to-one correspon dence relationship between

6(C) and ~ over this range. The corresponding S(:~1~) is again a

nhinimum region.

In conclusion , for any continuous and bounded density func-

tion g(x )  and any ~ such that O<~~l, we can always find a mininiurn

region ZN satisf ying

J g(~ )d~~= 1 - a
Z N

- 

. - 

iD~ 

- - -
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i n - o m mi the above di s cus s i  on , we can also have the fol low i na ;

(1) If ZN satisfies the cri terio n , then for any x a Z N

and any y / 7 N

g(
~ ) -- g(y)

( 2 )  I f  for  any x a~ 1N and any ~ / Z N

~i(~ ) ~ ~(~;)

Z N is a minimuni region amiiong all the ZN ’S satisfying

- 
a 

J g(3 ~)d~ = J g(~ )d~ .

Z N

(3) If ZN is a m -eq ion which sat is f ies  the cri terion and

a 
is closed and if

= mm g(~ )
X a  Z N

then ZN is unique unless V (S0(, 1- ) )  / 0 , in othem ’ words ,

the volu rnme of the reg ion over which g(~ )’~-T is not zero .

A few exanrip les are given here to denionstrate how the above

theorei mm works .

Lxai iip le 1

When the listed class is present, the probabil ity density

function of the observed vector x is triangular as shown in

Figure 13. We would like to find the re gion Z N assoc ia ted wi th

t h e  listed class when -i ~=0.O5 , 0.01 and 0.001.

- ¶ Obviously , ai (x) is continuo us and its integra l over the en-

tire x- a xis is one. Also , g (x) is bounded and ranges fro rmi 0 to 1 .

— _i____~__ 
- — —-- -

-
-— - ~— — --~~_-—‘- ~~~~~~~~~~~~~~~ .~~~ ~ _~~__ _ 
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Fi gure 13. g (x )  is a triangular function .

We f i rs t  find the function 6 ( F ) .  As before

6(C) J g(x)dx
S(~.)

w her’e

S( F ,) = { x l g ( x )  >

We obtain (Figure 14)

r 1_ C 2 
0 ‘~ F, — 1

G( F , )  = 1 F. ~- 0

Lo

Fronl Equation (68 )

~~~ 

F.j  ~
‘

a when 0 — - , 1

Eherefore

- 0.224 when a = 0.05

J 
= 0.1 when 1 = 0.01

0.0316 when-i - t 0.001

I
I

~~~~~~~~~~~~ 
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F igu re  14. G( F . )  fom ’ a tn iangu la m ’
funct ion g ( x ) .

l m ’ e s ~ a a ’um c1i nq to  the above

Z N = S ( - ’ T ) [ — 0 . 7 7 6 , 0 .776]  when a 0.05

= [-0.9 ,0.9] wheni 0.01

= [-0.9684 ,0.9684] when = 0.001

I x ~a i m g a I a’ /

It  g ( x )  is a I u ni ctioni as shown iii Figum’e 15 , f ind a co m es —

T a i l ‘ l i t  r~ i’ a I I \eal m i um m mbem— ira (0, 1)  —

g(x)

—0. 5 0.25 1.25 1.5

Figure 15. ( 1(x) including a f la t
pr ohab iii y cler ic i ty .

__,

~

---& — — -~~~ -~ ---— -- ----- —- ---—— —_----- —- .-,--- ‘- --—--
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Again , g(x)  is continuous and bounded everywhere on the x —

axis arid its integral over the entire x -ax is  is unity . L i k e  be-

fore , we f irst find G(i.) by inspection

1 C~~~O

G (F .)
=f1

~~~~~~ 2

It is clea r- that there is a on- ic-to-on-ic corm ’espor tdence between

C arid 6(C) when C is in (0 ,1), except  at ~, =O .5 , or equivalent ly,

when G(F,) is between-i 0.375 and 0.875. We can , as before, obtain a

un i que Z N for’ any ~ whose value is not in (0.125 ,0.625) and 0 - a - i .

When O . l 2 5 — ~~O. 62S , we can set C1=O.5 and forrim a region -i ZN

according to the rnmethod described in the theoremri .

G (~~)

Figure 16. G(F.) ha s a j u m p  at C=0 .5 .

ion -  ir is tance , when t 0 . 5 , we can foru m a req ion Z N it i Z ( i . e .

x - a x i s  in this exanrrple ) such that

= [-0.25, 0.25 ] U s,~0(0.5) 

-- - -  - -



(0. 5) is a rea l m a. a u m a o mi- - i stin ca t a Segmm ma ’nl I or a set of

-a ’ a fli ia ’m it s whos t ’ tota l length is 0.25 and l ies between x=0.  25 and

~ 1.25 . II a naa ’va ’r , fa a LI Va ,i h m j i a a ’ m - s t a I i l i 1~ in the c lass i f i c a -

t i 0mm p roCess , a -camS ‘eq i am of ~ 0. 25 to s U - 5 , ri qht adjacent to

s 0. ‘5, is i a ’ a l  &‘nm-ed f r i  fot -ac m a m a f  the a t m  ion -

Ti m a s i I lu s t m - ,i ta’s th ,at t o m -  a mi s a - - uch th,a t 0~ a - - i, there

,ilways a ’s 1 S t -  a i oq ion  ‘
~~ 

cat i S I y i r a , m  t u e  cm - it e r j oni .

g ( x )

I~0

-- 

‘
~1 ~~~

‘
-
~~~~~!

—0.5 0.25 ‘—~~----‘ 12 5  L5

F rgu t - e I!. S ,0(O 5) is a t-eg m on consisti n g of
a s vam m ~ia ’mi t on a set  of  st ’ a i l i a ’ ma  f s

f a a ’ t W~~Cli x ~0. 25 arad \ 1 .25; it s
t o t a l la ’nqtia is 0.25.

B. Onie-d ini a ’ras I om aa I Ca ca a mi d
M a t  hod of I n - i is to a i m  t ioua

It is clea m- th a t i t ’ V( ~~)(C1) ) ~ 0 , the ra’qi aini ‘
7
N is not

uniq ue arid th em - a’ i s an i ns t a b i l i t y  j~a c o n s t  r ica - t i  ma ~ t a o  c i  a ss )  t ie r .
fli j s  can tie mon- a’ a.’ losely m~a’ a t e d  t o  the funt-t b r a  5(C) in I aluati a_ a f l

( Ia ? ) .  It’ the rate ca t chan it ie of G (- ) w i t h  m - a ’ s f a a ’ c t  t.o is ],mm - i l a ’,

arr in ns tab j l i t y  wou ld  b eca immi e not ic a h ia ’. Tiua’ n-ate of charma m a ’ is

s tm’on j y assoc i~i teal wi ti r tire t a e i m a v j  Or (at am( s ) in the cahcea - v a I io nial
cpdct ’. I n m ost of pr -ac li t - al ci taa ~ t i  ( l f lS , the er-ron- pm - i a t m i b j li t v

is sot to ha’ ,u s m a l l  naurnh a’m- . lJndem - t ht ’ce c i  mc umi m s t anct ’s , the

--
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m n m s I a I ) i J ) t y  beco m es alm umost i rrelevant to the overal l  perforr muance be-

cause the effect is definitel y snu ial l when CT is snail. This will be

shown later- in Chapter III -E that even when g~x) is almost fiat , the

instabi l i ty  is st i l l  not noticeabl e. The derivative of 6(C) at CT

can-i serve as~~n indicator to this ir n stabi l ity.

However , if necessa m-y , the instabi l i ty  can be el iminated

comr upletely if the c lass i f i ca t i on  process i s  carried out in the

x do tmuain where a region ZN can always be found and consists of

sommme courupact regions. T h is essentially guarantees that the pro bl em

is solvable as far as g(x) is continuous and bound ed in the observa-

tion space.

From the above discussions , it is seen that the solution

fom- our prob letii is unique when V(S0(~ ));0 for all s~0. This

occurs in tum any practical situations and represents niost of the

distribution functions that one will encounter. Any nionotonic

function or the suniniiation of a finite number of tonotonic func-

tions are in this category , particularly Gaussian distributions

that occur in muiost conuiiunicat ions or nieasuring systenis. The

function q(~ ) consists of a finite num n ber of such rnonotones i f

the number of subclasses in the listed class is assumed to be

finite, w h i c h is a legit imate postulate in all pract ical  cases.

Therefore, in - i this study, tile function G (F,) defined in Equation

(67) w i l l  be considered continuous and its corresponding region

S( t .) uniqa ie.

1
I

.._ _ a , t _.,._ ca ~~~~~~~~~~~~~~~~~~ -— _ , _ ~~~~~ ,,, —
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With the assumptions made to construct the regi on ZN,

associated with the listed class for a prefixed error probabil-

ity - ,  we can carry out the integration in Equation (67) from

the portion where the function g(~ ) has the maximum value , in

the descending order of g(~ ), un til G(C) reaches the value 1- a .

I n  d o i n g  so , we are actually carrying out the integration of g(i)

over S(F.) in the descending niagnitude of -C . Therefore , we can

define a new variable P (C ) such that a

= g(~ )dS( C )

= C dS(C) (80)

at every ~~~.

In a one-dimensional space , the right side of Equation (80)

is equivalent to

g (x 1 )~dx 1~ + g(x 2)~dx 2 I + - --  + g(x ~~~dx~

where (Figure 18)

F. = g(x 1 ) g(x 2 ) = - - -  = g(x n )

Usin g the above two ex p ressions , we obtain

~ 

- a._ ~,.g_ ,.a~~~’.~~aa- 
~~ ~~~~~ -~~~~~~~~ - — - - ‘— - ‘ —--- - -—‘~ -.-.-—--—~~ --- —— -- —-- —‘— - —-- ‘-- —-‘~~~~~ -—-- — ‘--—- -— ———----

~~~~~~~~
..-—-‘ -—‘--- - ‘  — ~,Iilui:
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I

g( x )

Figure 18. The function y=g (x) intersects y=~,
at x i~

x2~
_ __

I xn .

dx dx dx
= g ( x 1 ) 

~dg (xi) 9 2 ~~dg(~~5~ 
-- -  ____

= F. (81)

provided that g (x) is cont inuous[9 ,l3].

Obviously, if the curve y=~ intersects y=g(x) at a finite

num ber of points , the function P~(C) can be always obtained by

the above transform ation. Also , P~(F.) is positive and defined
over 

~~~~ and

I P ~~~~ = 

J
~m P (F.)ds = 1 . (82)

J 0
a 0

The threshold is obtained by solving

P (F. )d F. = 1 - a (83)

which can be used to determine the boundary surface ST.

Solving Equation (83) is a straightforward step if P (F.)

can be analytically determined from Equation (81).

I

—— .
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Note that the transforummation Equation (81) is almost the

Sali iTO as that of transfonm aing a probability density function from

one variable to another except that C here is not a random van -

able [9 ,13]. 
~~~~~~~~~~~ 

i s  a function containing the probability con-

trihutions of all the points in Z for which the function g(x)= :

Reference [13] has a vei-y thorough discussion about the one-to-

one and non one-to-one transformu m ation for a continuous function

if (x). It also describes t h e  transfor mation from Z space into C

donmuain for a ur mul t ip le-va n iab le function g (x~ ,x2,--— ,x~), wh i ch

is denoted as g (~ ) in our notation. As the number of dimensions

incriases , the tr ansform at i on becomes very com p l ica ted even when

yg(~) is a very sirii p le function. However , g(~ ) is usually not

very simple and the transformation is not an easy task in most

situations. We will not go in to any detailed discussion of the

transfor m ation in m iiu lti -di m ensiona l space in this work. Instead ,

a method of Monte Carlo sir itu lation is presented later to ease

this computational d i f f icu l ty , which enables us to bynass all the

problem s numerically without having to use the transformation

process.

One Eletmient Case

A one-dimensional problem given in Section lI— C is used here

to demm m on strate the above approach. Suppose C1 is the one element

in N and its noise free signal is S1 . No infor imiation abou t the

unlisted class is available. We would li ke to find a region ZN
as ;ociated w i t h  t ’ m m ’  listed class N when the nnisc lassific ation

probability for the listed class 
~F 

is set to be a.

- - - 
.1 

- -  ,~~~~~, 
~~~~~~~ - 

______ - -



-.-- -,..- - ~- - - --— -
~~~~~ -—- -- - ‘-- -- — --.- -- - - --- ---- —-=----.---~  

-—-~~~ 
.
~~~~ - .

— ‘ —

~~~

-

~~~~~~~~~~

5-)

The pro babili ty density functio n of ~ when the 
listed class

is present , is, as before , assumed to be

(x-S 1) 2

g(x) = P(x~N) ~~~~2 
e . (3)

We first transfortn the above pr obabilit y density funct i on

to

dx 1 dx 2
C ‘d~~ 

+ C ~~-~ -— (84)

— 
where ranges front 0 to 1/12 2

Fronmi the syui~iietry of 
w.r.t . S1, it can be shown that

Sl -xl (C T) = x 2
(: 1)-S 1,

a n d  Equ ation (83) become s

- ‘

J ~;~ x)d x + - g ( ’a, ) a ix = a

or

x 2

2~
2 

-

J x 2 (E T )-S l ~~~~~~~~~~~ 

e dx -

i.e.,

x
e r f c (_ ~~~~

_ ___)r 
~~

- . 
( 85) 

- 
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-

W a ’ h a v e

x 2 (C T ) - S 1 = s~ - -‘- l~~ T~ 
= 

~-~/2° (86 )

i - ihema z i s  define.1 in Equation (22) ,  or

- s~ = z - 2 -- for i l ,2 . (87)

Corresponding to this

= [~-z 12- a + S 1, z~~,2.’ + S 1 ] , (88)

a ma t

C T 
= e 2 

. (89)

Cor uipan - ing ~Hs wi th  Equation (25 ) ,  we see that the boundaries

are no longer dependent on S2 , wh ich  is not known in our problem

anyway .

____
Two El emnen t Case

If there are two elenients S~ and S2 in N , the problem be-

a ’ o n m e c  nina-P comuip l i ca ted . Now becom nes

g ( x )  = p 1 P(x ~ S 1 ) + p2 P ( x IS 2) (90)

w h e r e

p1 \ P(s1 1N) (91)

-~~ 
P(S 2 IN) = 1 - p1 as defined before . (92)

I L - ~~~~~~~~~~~~~ 
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An -id car -i therefore be sol ved if 
~ a 

(c,) can be obtained by

Fq ual t i on (81).  The points x 1’~, x 2~, x 3 * , x4~ (Figure 20) corres-

pondin ig to 
~~~

- are tiiet i obtained by substituting C back to Yg(x).

Note that analytically, 
~~a 

(F.) is difficult to obtain because the

po in t -  ton  wh ich t J ( x )  is constant are di f f icu l t  to co ummpu te

tom ’  L m~uat ion ( 9 - ~), arid even ummore so the derivative s at these

po i n a t - . Na va t nt he less , it was carr ied out and the resul ts l i s ted

iii T a b l e  1. The new reg ion Z N, in gene ra l, is the union of two

disjoint zones [x 1 *,x2*] 
,and [x3*, 4*] since C=g(x) is a multi —

valued function. Sonic results are shown in Table 1 for Pl p2=1/2 ,

a 0 .05 and S 1 ’~
) .

TABLE 1
Two [ lem i me nt Case for the M i s c l a s s i f i c a t i o n

Probabi l i ty  ~ O .05 , S-M O

S 1 / a  S~ / -  X
1~~~/0  a

: *10 X
3

*/o  x 4 */o

O 1 -1.68 - - -  - - -  2.68

0 2 - 1.645 --- - - -  3.645

0 5 -1.92 7 1.96 3.04 6 .927

O 10 -1.96 1.96 8.04 11.96

0 50 - 1.96 1.96 48 .04 51.96

I n  t h e  table, S~ is set to be zero to s impl i fy  the conumputa —

Lion. Thi s does riot a f fect  t Fe  generality of the results since

it is considered ~is a reference point; consequently, t he num itt ae y - s
- 

e S- , 
~ i 

~~, x 2* ---  in the table are actual ly S2-S 1, x 1 * S 1,

1~
— — - -—~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ — —-- -~~~~ 

-
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- - -  etc . The si gnal to noise s ta ndard  dev ia t ion  (am ) ratios are

associated wi th  the SNR of the syste t mm. The interval  [x * ,x 4*]

is  a syi uuu uaetrica l re f lect ion of [x 1* ,x 2*] w i th  respec t to the mid-

point of S1 and For (S 2 -S 1 ) - 3 a , the threshold l ine only

intersects c = g ( x )  tw ice when u =O .O5; therefore x2~
’ ,x3~ do not

exis t  in that case.  Note that under these conditions , S._x *la -i j

where j=2(i-1) or 2(i-l)+l , is very c lose to zero . As 1S 2-5 1 1
becomames larger in tenrais of o, the s i ze  of the subreg ion surround-

ing S~ , i.e., S~— xfI beconies closer to -z~12. the same as that

of ZN found in the last exam imple. This is so because when all the

- l subclasses are equally weighted , the probability density contri-

buted from other subclasses around each element is small as long

as the distances between elements are large; consequently, the

thres hold boundaries around each element are close to those of

single element systems . Thus , under the sanie constraint of -s ,

the sizes and shapes of the subregions of ZN are l ike those of

Z N generated by single elements. This  indicates that if the noise

free s ignals of each elenment in the known c l a s s  are far a par t i n

terms of a, ZN will be a joint reg ion of several individual ones

which are obtained as if there were only one element in the list-

ed class , provided that each eleritent is equally weighted . This

- - conclusion holds no uriatter how many subclasses there are in the

listed class. We can approximate ZN by couiibining the subregions

associated with each subclass , obtained as if it were the onl y

one in the listed class , and reduce the comi aplicated computation

substantially.

-- ~~~~~~~~~~~~~ -- - - -~~~~~~~ -—- ---- -~~~~~~~~-------- ‘ -
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1mm the  last  u a\ Fm l I m a . i t  a
1 

i r a ,, the t u n c t i o m a  q ( x )  w i l l  no

lo ni a f er  ha ’ s v m mm mam a ’ t r  Ia. w i t h  ra iled to  t f ae  midpoint of (S 1 ‘~ 2~ 
nammte-

ly ,  (~a~ +S ,) /2 ( F i a t u m a ’ ‘ 1 )  - S t i l l  , we can t ransfor m t he ori g i n a l

un - ia- ti ca r t q ( s. ) la m t o the dorsa iii a i-id comimpu te T by Equation (94)

The  i’ t ’gU i real real ion 2 
N 

is ci ga in ob t ,m i ned by subs t i tu t I nmq C T back

i n to  L a ,ii :i ti a )mi (94) by set t  in~ -T a j ( x * ) - If there  are two sub—

n- eq t i lt  01 ~~~ each t a ut , ,as soc i a ted  w i t h  i ts  noise free signal

w i l l  ha ’ d i t f em - en i t  in s u e  and shape . The two subregions w i l l

m l ta ’a- q e i n t o  one as a a lea n’ i a s a ’s -

I o I 
... x

F iqure 2 1 . Two el enme nt case when p1 pp.,

Anothem - comm inmoni s i t u a t i o n  s imi lar  to this occurs when the

~i llti ) l1 nt  of u- it ) iso add eat to ~‘a a ’h signa l is not the same. For in—

5t~~ t a a’. the no ise in jected to each si gnal is proportional to it s

s i i jn ia l amuipi itude in ‘ ;om mt i ’ systemmis. T h i s  nau l ti pl icative noise will

L 
a I ‘~o r esu l t  i i i  du  I t  a reni t si , a’ 1ii a.l ‘ ha pa ’s t a t 1

N 
I tam - a l i t  t a ’ra ’it

s ma b r ea t ions tha n those da ’sc m i  bed in the , ihma Vt ex ~mii t p ’l e -

Ira ca -u ’  tha t -~~ is lara ie , veny oft en - i sonic of the noise free

F points or m a ~inat i ng  t i - m i ami the  subc l ais ’,a’ , ot t h e  1 l St O a I c l a s s  1ire

not a a r i t a nod in ‘ ‘N ~t a l l  (F l  t]ura’

~

- - -

~ 
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gum -c 2? . Z N does not a ons i I~’ ol tuie 5 ign ia I
po in t s  S 1 ar- id S4 .

Th is  i s  most l i k e l y  due to the fo l l ow ing :

(1) The a priori probabilities of sonuie subclasses in

the listed c lass  are very low as commipat - ed w i t h  those

of oth e m s - When a i s  large, Z N con - is i s ts  of only the

highly weighted regions, leav ing out . t he sig na l

poi n-its of low densi t ies - Con sequent l  ~v , ti-icy are

cxc i  uded fm om im Z N
.

2 ) The noises added to so mim e s ig nal  poi n- its , am ’ a’ 1 anger

tha n t h o s e  added Ia - i o thers ,  makin g the pm- o hab i l  1 ty

con tni bu l ions from these points summa l let - than t h o s e

frormi ot hers . For the no i so di st ri hution bel nq

Gauss ian or dec reas inigl ~v unimiaoda l , a c lass  I fi em - is

t heret ore m ore ii kel v to t ’\a 1 m i a lo sonmme s iqna 1 P0 m t  5

- 
I ca ) n - r u l a t  eat by 1 ar - ge t - no I cc ft -om ru ‘N w hen the a li t a ’c t ion

proba mb ill t v  1 — a~ Is  i- iot ve ry high.

~~~~~~~~~ 
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C. ~~~parisons of the Two Cr i ten Ia

The above results can be used to demonstrate the differences

between the classifier devised by Neyman-Pearson criterion and

tha t by the minimum volume cri terion.

Both criteria are aiming at the same objective of minimi-

zing one kind of error while fixing the other . The lack of a

priori information about one of the classes l eads one to intro-

duce the idea of minimizing the region associated with the known

class , which is really the only class we know and can do sonmething

about. A Neynrman-Pearson classifier can fix eithe r of the two

error probabilities and minimize the other while the classifier

devised by the proposed criterion can only minimize the specified

region and fix the error probability associated with the known

class. This indicates that the former is more flexible in choos-

ing a class whose associated error is to be fixed. However , in

alnur ost all practical situations , a system very often gives a

strong preference in fixing one of the two error probabilities ,

thus making the two classifiers almost identical in term s of the

flexibility wi th respect to this kind of selection.

Another difference between the two classifiers is the quan-

tity to be minimiz ed . A Neyman-Pearson classifier minimizes a

type two error probability which is associated with the exterior

class (see Chapter Il-C ), while the classifier devised in this

work nmm ini im a izes the region associated with the exterior class. It

can be shown that the two classifiers are identical (see the ex-

amples in Chapter II-D) when the corrupting noise is G aussian with

— . A _ ~ - ~~~ - -——~~~~ ~~~~~~~~~~~~ 
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I equa l var i a nt  a’s in a l l  di um m ensi o ns , the noise free signal of the

f i r- s t  c l a s s  occupies only a s ing le  point in the observa t ion  snace ,

I and the n oise t n et ’ s i gna l of the ox ten or c lass  is norma l 1 y and

a s y mm mn mm e t m i ca l i v  di st n-i hu ted a t-ound the no i se t ree si gna l of the

- la ’ ar mm ini aj  c l a s s .  Extend i ng th is to the l im i t ing  case of - 
~

- -  , we

can - i  assen t tha t the two c l a s s i f i e r s  a r e  ident ical  when the noise

f ree  s igna l of the second c l a s s  is uniform imly d is t r ibuted over

the whole observation space ar-id the noise is Gaussian of equal

var iance in every di um iension. This kind of “equal d is t r ibut ion of

t he noise free s igna l ”  of t he second c lass , wh ich happens to be

the unknown c l ass  in- i the problem defined here, is an impl ic i t

assa i m i mpt ion in- i the nuuininnut ii vo lum ne c r i te r ion,  but the cm ’ iteri o n can

he generalized by wei ghing the observation space according to the

distribution of noise free signa l of the second class. However ,

- - it uum ini n u n izes t h e  reg ion instead of the err -or ’ probabi l i ty since the

fornmue a - is stro ngly l inked w i th  the lat ter.  Since the noise fr -ce

5i(j f l d l of the unknown c l a s s  is un iform imly distr ibuted , it is a

reasona ble approach not to weight any m’egion more heavi ly  tha n

others. In ot her -’ words , the cr i t e r i o n  should weight equally every

point in the space. This leads to the insens i t i v i t y  of the pro—

H posed c l a s s i f i e r  to the distr ibut ion of the m oise free signa l of

I ha seco nd t las s  -

To i l lust rate the above behavior , an ex a rmmple is give n be-

low. Suppose them-c ,ii~~’ two c lasses , Class I and C lass  II. Ther e

5 one corresponding noise free signal for each class in a one-

dimensional observati or space. The noise fm-c e signal of Cl ass 1

I L. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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Is known to be zero anid that of Class II is unknown . The noise

aa td eal to e,icii c lass  is Gaussian wi th zem ’o mumean and vari a nce of

a u r a , ’ . When a the en -or probability of identi fying tfte known class

(Class I) as the unkniown class is fixed to be 0.05, according to

ha’ aa a t a aas o a l cr- i t ea-ion - i t h e  regi on-i associ ated with the known

a l a s s  LN i s [-1.645,1.645] at-id the probability of muui sclassif y-

i nq tht ’  unikniowni c lass iS the known -i class is

a e r f c ( l . 6 4 5 - x )  f e r fc ( I .645+ x )  (95)

i-t }a a ’i’e x is the noise free signal of the unknown class and the

function erfc (x) is defined in Equation (2 1).

The above is, of course, a fictitiou s one because we do not

have any info niumation about x , mimuch less the error probability

associated wi th it. Its result is plotted in curve A in Figure

?3 . The probabi lity of error decreases as the absolute value of

x increases . Th is is quite reasonab le since the c lass i f ie r

better distinguishes the two classes as their responses am - a’ fun-

ti-icr separated.

If we use the Neyrmian—Pea nson c lass i f ien - to d is t in gu ish the

two c lasses and the probability of a type one en’ror is ag a ina

fixed to be 0.05, the threshold is found to be either 1.96 or

-1.96 , depending on the position of x. Since we do not know x ,

the value 1.96 is arbitrari ly chosen as the threshold (as if x

f were positive) and the probability of mimisc la ssif y i n g  the unknown

class to the known class is shown in Figure 23 as curves B- (whien

x is negative) and B1 (wi-icr-i x is positive). When x is positive ,

I L - - ~~~~~~~~~~~~~ ~~ 
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Figure 23. The f ict i t ious performances of three different
classifiers.
A. The proposed c lass i f ie r  without any

knowledge about the second c lass.
B’~—B 2. The Neynian -Pearson c lass i f ier  without

any knowledge about the second c lass.
C-B 1 . The Neyman-Pearson classifier wi th the

knowledge of both two classes.

I
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the rleyman-Pearson c lassi f ier  here yie l d s bet ter performance than

the proposed classifier . This is so because in this range , the

Neynran-Pearson classifier fully utilizes the availabl e informa-

tion (both x and zero , response of the first class) while the pro-

posed c lassi f ier  only uses the information of one of the two

classes . However , when x is negative , the threshold 1.96 for

the Neyma n-Pearson classif ier is actually wrong. Therefore , the

performance deteriorates drastical ly as -x gets large. This is

also compared wit h curve C , where the classif ier is designed wi th

the information of both the classes . Note that the Neyman-Pear-

son classif ier becomes ident ical to the proposed c lass i f ier  when

the noise free si gna l of Class II is stat ist ical ly symmetrical

distributed about zero. This can be shown by employ ing the formu-

las developed in Chapte r 11-0.

Considering the sensit iv i ty of the overall performance to

~ the position of x , i t is apparent tha t the proposed classifier is

superior to that of the Neymarr -Pearson. In case that x is known ,

the latter yields the best performance. Neverthe less,  the pro .

posed cliassifier does yield a comparable performance. The per-

forrnance is insensitive to x , the response of the unknown c lass.

0. App rox inmiation and Simulation

So far, we have been trying to find a region ZN . specified

by the proposed criterion , to provide decision surfaces. A close

look at the theorem of Chapter 111-B shows that if ZN is unique ,

i t  i s  not necessary to find ZN in order to make a classification.
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Whenever we want to identify an observed objec t, all we need is

to obtain a T corres ponding to the specified ci. The measurement

x is then substi tuted into r=g (x)  and compared with T ~ i s

larger or equal to 
~T ’ the test vec tor x is identified as being

in ZN and otherwise , in Z>~
.

This process demonstrates that the implementation of the

class ifier can be very simpl e (Figure 24) no matter how conipl i-

cated ZN is. Instead of finding the required region ZNS the corn-

putation of becomes the main task in desi gning the classifier

for identif ying unknown objects. Therefore , it is obvious that

the compl exity of the technique is not in impl ementin q the classi-

fier but in computinq the error probabi lity and the threshold CT.

~~~~~~~ ~~~~~ 
~~~~~~~~~~~~~~~~YES~~~~~~~~~

j

Figure 24. A sim ple way of implementation makes the
- r iass i f i ca t i on  as a threshold test .

The few examples worke d out in the last few sect ions illu-

st ra te , however , that analytically computing 
~T 

is extremely

difficult for most cases. Two algorithms are devised here to

alleviate this difficu lty .
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The f i r - s t  one was sketched out in Chapter 111-B right after

the two exautmp l es . When the a priori probabilities for all the

known subclasses are equal , i.e., the occurrence of each class

is equally l ikely,  the subreg ion associated wi th each subclass is

appr oximated by a hypersphere centered at the noise free point of

each subclass in a nu mu lti-di mi mensional observation space. The

app roxinmation also imiip l icit l v assumes that the mitea n of noise add-

ed to each individua l noise free si gna l is zero so tha t the centers

of hyperspheres are coincident with the noise free points of the

, t ahc  lasses . This is not a necessary constraint in applying this

kind of approximat ion since we can shif t  ~be centers of these

a hypersphere s by the miieans of the contaminating noise and approxi-

mi m at e the iegion ZN 
by the hyperspheres centered at these new points.

Wh en t h e  d is t ance s b e tw een any two of the noise free signals

am-e large in term us of the noise standard deviat ion , this approxi-

nation is close to the exact ZN specified by the criterion. This

is shown in Figure 25 , where two subc lasses S 1 and  S2 are equally

probable and embedded in Gaussian noise with zero muea n in a two-

dim uiensional space. The approximation ignores the mitutual influ-

ence among the known objects and hence simi ip l if ies the construction

of ZN rather significantly.

Q
\G2

Figure 25. The optimun i region Z (dotted lines)
and the two approxint~ted c i r c l e s
(sol id lines). 



This can also be used as another ndependent way of identi-

fying unknown objects.  The optimi ium im region 7 N is formited P~ con-

structing hypersoheres around each si~,ial 0u li-it aa’ a~ any noisy

res ponse falling into ZN can then be considered as one of the

l is ted obj ec ts .

The approxim mn ation is espec ia l ly  good when it appl ies to a

higher- di m ensional space. This is so because the influence from -i-i

each noise free point S.~ is sm imaller in a higher dimensional space.

A hypersphe nical shel l of a specified thickne ss at a fixed dis-

tance from the noise free point in a higher dimensi onal space

gets less probability contribution as compared wi th  that in a
l ower dimensional space , when both of them are in the sanie noise

environment. For instance , suppose the contaminating noise in

every dimmiension is Gaussian and independent of one another w i th

- 
- vat - lance a m 2 and zero m ean , the probability contribution to a

reg ion bounded by radii 0.1 and 0.2 froni the origin is 0.07886

in a one dit i i ensiona l space , 0.01481 in a two dimensional space ,

0.00183 in a three dimensional space and so on. The contr ibut ion

to any spherical volume surrounding a noise free point lying in

this reg ion (.l<r< .2) is further reduced by the higher dimension-

ality since the ratio of such a spherical volume to the spherical

shell (.1~ r-- .2) decreases as the diniensionality increases.

With the assumption of additive noise to each noise free

signal S i ,  the radius of each hypersphere is assu m ed to be the

same and is computed for each designated -a . The result, in t u r n ,

a can be used to obtain the threshold CT . Some examp les employ inq
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this sche nime iii the detect ion of unknown a i rcraf t  targets are

worked out in Chapter 1I1-E.

Diagr anma natically , the scheme is easy to implement and g ives

go od approxim iua t io n at a high SNR system . The computation of the

Type I error probab i l i ty, an integrat ion over the joint regions

of several hyperspheres , subject to a specified radius r is dif-

ficult , h owever , in a high-dimensional space. A Monte Carlo

s im i tu la t iona  technique is employed to circumvent this la ter .

The second scheme is to employ a Monte Carlo s imulat ion

directly to the computation of - -

~

- . First , a train of random vec-

tor s 
~~~~~~~~~ 

are generated according to tu e distribution of

the im oise added to each s ignal .  Each random vector is added to

its noise free signal S1 to form a test vector

= 

~i ÷ n~ . (96)

The test vector is substituted into ~=g(~~) to obtain a scalar
~

- k’ which is then stored into the data bank 0. - The number of

random vectors added to each noise free signal  
~ is proportional

to i ts corresponding a priori probabi l i ty  P(
~~~

N). Af ter  al l  the

tran sformed -
~k 5 are stored into D~ , ~~s are then lined up in the

order o~ magnitude and we designate the [ci•m]t li s m a l l es t -~~ to be

wher e iii is the total number of C k ’ s in 0 and [ ]  is  the

symbol for the largest integer less ti- ian or equal to i ts argume nt.

It is clear that 
~~

-

~

- sp l i ts  the C k ’ s - into two groups, those

- 
- less than 

~ 
and those that are not. Corresponding to this , the

C space is divid ed Lato two sections Z~ - [0, T~ 
and ZN { T . J .
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a~ = 
~

‘ (102)

an - id obtain

- - -- = 

~i~u
1 (103)

ind ic a t ing t ha t  T is unbiased .

The var iance of the es t i mate

= (‘ )2~ = . (104)

The relative spread is

~~~ J~~i a  
(105)

This 1- o la m-e s en ts tuie error spread of .~ as a function of ci.

Ther-efore , I f we l i ke  to have the est imate to be in error w i t h - i -i n-i

sonic speci f i c  ran ge , say  , we can  just have the number of tm-i als

lan -q a’r- ti - ian - i or equal t o

= 
1 -

~ (106)

For ins tan - ice if - =10 , a =0.05, theni y =O .95 and we ot a t a i im

n o m nu I a~a a a i t i o n i  (106) that rn should be 1900. Any est im i mate ta ’ - inq

ouor ’e t i- ian- i 1900 ta - ia l s  w i l l  y ie ld better accuracy . Even for

a a~a0 .0l , it only requires 9900 rando num vectors to have a 90 a c cum - -

i c y ,  which um ua kes the i mtmpl en umentati or- i of this si u mmul at ion ft aas ih l e

in- i tc~~ms flf a o a m m paa t a m time .
The value Ci aa n - i be used to obtain 7N~ 

Yet , as i nd ica ted

be ton e, the cm - i ten on does not reau i re  the sys  tern to c o n u s  I m u c t 7N

-

~~~~~~~ ——-~~~~~~~~~~ - ~~~~~~~~~~~~~~ 
—-= -- - 

~~~~ -- -~~~~~~~ ~~~~~~~~~~~~~~~~~~ -- -- -~~~~ -- --~~~ ---- - - - --~~~~
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in c t - a t o m -  to bui ld tuie a; I ass i t  i a ’ r ’  - iris te nd , uti liz i rig ~1 as a

thi ’ a ’ s lao  Id i’; a~ooa1 en ough for -  the pu m- pos e of c l ass i  I ic~atio n .

The Iai -o POs H a r i ta ’ r ion ci as sit ies time object  into one of

tha ’ two ca ta q or i e s  , n n a m m m e lv , t i- ic oiue a O i a S  i st ing of the l i s ted  c lass

,ana l t ime a) them cons i st ing of a ’va ’ry t i m i rig ut- il is ted. Ti - ic n-eq ic-in Z N

associated wi ti -i the form iier c omu s truct.a’al by the c r - i te m- i on actually

l a m - a a v i d e s  a w ay  caf c lus ter ing d it f e ren t  l isted subclass es.  Th i s

is espec ia l l y  useful in a m um u l t i— f e a tu re  space where time cri ten on

y ields a way of gett ing those mm iost likely together . By den -easing

the  va lue of a , we expanal the i-eq ion Z~4 ar - id hen ce hav e s o f i a ’ sub—

reg ion -is assoc i atea l w i th  the known s u b c l a s s e s  imt e n- qed into a new

c luster , m - a’duc i nq t i- ic nu u i ahem - of subr-cg i oi is - This is indeed a

ene i-a ii zo a l s ingle li nkaqe hi em - a m c h  i cal c 1 us ten ng[4] exa - a’pt that

i t  o pe ra tes  in a min i t i—al iumeuis iona l  spa re.  F i q u m a ’ 27 shows a r- i

a ’ xaimmpl o o f  tom - mimi  n ag a- lust er- i rig r’eq ions whe n eiuipl oyi nq four p01 nts

eimu bealaled j im Gauss ia r u noi so . Each point is from one of ti-ic four

su bclasses. The a ;] dSS a ’s C3 and C4 a m u ’ qn’ouped to form a niew

r-egio n assoc iated w i t i m  both of th enu m wim a ’n a =a 1 . The c l ass e s  C 1
arid C2 ai t’ ~ t h e n  gr oup ed into anothem - new one as -~ alt ’a p-e ase s  t o

a no the r  va lua’ - Al l  the suht -eq ions a m ’e eve n tua l ly a l r ’oaapt ’al m t  ~
omit ’ s ing le r eg io n u  as ~ a le cre a s a ’s t o  a s p e c i f i a - va lue a al , ali’p~ iid—

that on the d i s t r - i b u t j t i n u  of S 1 ‘ s. Th is  i l l u s t m - a t e s  a ia ’t i iod t at

c l u s t e r i n g  Iii tt ’ i iaas o f  “ in f l u e n ia a ’” of  each indivi at u a ,m l subclass .

- -~~~~~
- - - - — -- - -—- -  - ---~~~~~~ — — - - - - - -- —-‘- —- ---- —-- 
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E. Identif ying Unlisted Aircraft
- A n ~~pp~J~~~j~n

The above sim m - iu l ation technique is applied to an aircraft

identification proble utu . It has been shown[6 ,7] that a low fre-

quency nmethod can effectively identify a large variety of air-

planes. The features used are the electron -iagnetic scattering

return -is from -i-i the observed objects. Signal aum iplitude as well as

phase info rumation and the orthogonal polarizations of each scat-

tering return are used to do the identification. An additive

Gaussian noise with zero uiiean is assumed to be added to each noise

free signal.  A set of four aircraft (F 104 , F4 , MIG 19 and MIG2 1)

is chosen to form the listed class. The a priori probabilities

are assu nuied to be 25°” for eac h c lass of aircraft. The scattering

data of all the aircraft were computed by the cmn om im ent method [14] at

Ohio State University ElectroScience Laboratory and the features

(frequencies) are chosen to optimize a nearest neighbor classif i-

cation of time four aircraft. Based on the above assummiptions , the

probabil i ty density function when a known object is present is

2Ix-S i l
4 - 2

- - g(~ ) - i-- _______ e ~ ° (107)
i=l (~/20 2)n

where

~ 
is the observed signal vector ,

is the noise free si gnal vector of the ith aircraft ,

c, is the noise standard deviation , and

n is the nummuber of features used.

- - _ - - 
~~~ _ __~~~~~* - --- -

~~~
- - -
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The air - c t - a f t  is , t5 ’,Uiiti’ af f a a  ‘ a -  I ia i r a - I  P, - a a , s a ’ nypr nose on.

We f i r s t  apply the i m y l a u a i - s l a i a a ’ m - , ’ a l a l a i - a a a  im im a t i t - in - i  to this probleimu .

The m-egion Z N is aon ’~tn’uc ted lay l i t , -  hy pa r’~t 0i a ’re s t a n  tera ’d at each

signal point w i th  radius m .  Ti - it ’ obj a ’ a t  is ident t ied  as one of

t ime l isted object s if tiae obSa ’ i-ved vec ton li es i m Z N. Froamu the

previous arguunuent , the probabi l i ty  cor lt r ibut ion froru m Z N shou 1a~
total ~~~~ For ~a = b - , the total probability contribution over

the r-egion Z N is therefrre 0.95. The Monte Carlo simulation is

used to f ind tine radius for three cases using different nauuubers

a a a f  f e a t m ar - e s  and the resu l ts  are shown in Table 2.

TABLE 2
The A ppn-ox imated Radii Obtained by the Monte Carlo

Simulation for Four Aircraft  Data ,
~=o.os, ~

2,,1

Di mite nm s i o n Radius fo r  ~=0. O 5 Radius for ct=O .OS
whe n ther’e is only
one object in the

- - _____ 
known c la ss

2 2.136 2.42

4 2.864 3.08

3.813 3~ 94

-- ‘__.~~~~_,__._~~ ~~a.J a .. —’-- --- -~~ — - -- -- -- - — ——--- —--~~~,._~~~~~ a--- - —~~~ — - - --- - -- -
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Forty-thousand tested vecto rs were generated each t i mmie to

assu n -e time accuracy of the simmiulat ion. The f i rs t  row in ti-ic table

enup loys both co m ponents of a comi iplex signal (the at u pl i t ude  and

phase of a scatter ing return const i tute a complex s ignal )  for a

s ing le  frequency , horizontally polarized wave. The second row

uses both- i ver t ica l  and horizontal polar izat ions of the saumie fm -c-

guemicy s igna l .  Ti-ic third row uses bot h- i po lar izat ions of two

frequency returns si u m m ul taneously .

The second coluu uin in the table l i s ts  the data obtained by

time s immmu i a t ion . Thie las t  column l is ts  thie radii for the cases

when there is only one elemu tent in the known class . This happens

to be the sari- ic as the distance for the \ 2 d istr ibut ion wi th  the

cum umulative probability being 95%. It is obvious from-i-i the table

that the deviat ion of the radius fromim that of the single ele ur ment

case decreases as the dimensionality goes up (13 C in the two-

dim u mensional case and only 3% iii the eight—di mensional case) .  T h i s

confi nur ms our argument before that the influence of the subclasses

on one another decreases as the dimimensio nal i ty increases. At the

sa im ume t u n e , it also de mu monstrates that the single elemiiem - i t radius is

ar- i increasingly good approxim imation as diu imensio rm a l ity increases.

The immi plen imentation or ti m e above is a lso very simple. A test

vec t or -  x whose mini n- i i m mmuu i u d is tance to army of ti me four- c i qna l poi n - i ts

¶ 

i s 1 es s t im a rm cm- ( ‘(lii a 1 to the o f - a t ,i i ned raid iii s car -i he cons i den — ed

t romur the kn iowmm c l ass  ( a n e  of F104 , MIG 19, F4 and MIG , ’ l) and v ica ’

yen - s i .

—-

~

-

~

_---

~ 

— - --- -~~~-- - — ---~~~~ ---- - - - - -- -
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The second sche umie is to obtain the threshold for a prefixed

- a d i r - e c t ly  fronur the Monmte-Carlo siu mnu lation. This was carried out

over’ the simu m ilar cases and the results are listed in Table 3.

Again , 10 ,000 test vectors were generated in each si m u lat ion. The

acc om mmp an ying CPU tim u me in time table is the computer tunic for eac h- i

simulation needed for  the Datacraft  6400 at The Ohio State Univer-

s i ty  ElectroScie nce Laboratory , which is about three t unics slower

tha n an IBM 370 / 165. For the inmost co m up l icated case here, only

604.39 ills is needed to finish the s imiiulation. The acc uracy , f rom

Equation (105),  is in the range of 4.36 1- of the correct value for

~ b e i n g  5 - . This i l lustrates that the method is effect ive ar- id

e f f ic ient .

An-i in terest i ng experi iuueru t was car r - ied out by introducing

foun - othen - objects -- M1G25 , SR7 1 , Bl an-id Fl4 , chosen to r-epresent

a wide range of different shapes and s izes of a i r c ra f t .  The pr-o-

h,’h i lj t ies  of these new objects being c lass i f ied  to the l isted

class by the proposed classifier (described in Figure 24) were

computed and the results wem ’e tabulated in- i Tables 4 and 5 for a

two -dium iensiormal case. Also commiputed in the tables we re the pr o-

babi l i t ies of c lassi fy ing the l isted objects into the unl isted

class when ttie test vector ori ginated from- i- i the known objects.

Both tables l i s t  ti-ic probabil i ty of c lass i fy ing  each object out

of the ei ght in- ito the un l i s ted  c lass .  In the process , t he t e s t

vector is subst i tuted into Equation (1 07) amid time m- esultant scalar

is t om m mpa red wi th the ti resho ld 
~~~ 

o b t a i n e d  by p ra ’ se t t i ng  to be

~~~ seque n tia lly 0.05 and 0.10. fen  thousand test v ec taam - s wer e

_ _ _ _
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generated for each case and the noise added to the objects was again

assumed to he Gaussian with  zero mean and a set to be equal to 10

per cent of the average signal of the responses of the four listed

objects. For the first four (listed ) aircraft , the probabilities

of classifying them into the unlisted class are close to 0.05 in

the first rows and to 0.1 in the second rows of the table because

we prefixed -~~ to be 0.05 and 0.1 respectively. The probability of

class i fying an unlisted object into the listed class is zero for

each of the unlisted objects in Table 4, indicating that the

class ifier is an excellent discriminator in this case. Note that

the thresholds 
~T change almost linearly as ~ changes from 0.05 to

0.10, indicat ing that the instabi l i ty discussed in Chapter Il l-C

does no t occur i n th i s  case , al thou gh the threshol d s 
~T 

a re smal l .

This is a reasonable result since the rate of change of a Gaussian

distr ibution (the function g(~ ) in this example) is always pro-

portional to the value of the function at the point considered .

This eliminates the flatness of g(~ ) over any regions in the obser-

vational space.

When a increases to twenty percent of the average signal , the

same conclusion can also be drawn on the perfo rmances (Table 5)

except the probabil i t ies for SR7 1 and Bl being c lass i f ied to the

listed class are not zero. This happens because (1) the responses

of SR7 1 and 81 are closer to those of the l is ted obj ects (Table 6) ,

and (2) ZN covers a larger area in the observation space when o

is larger. Al so when ~ gets larger (i.e., the probability of

misclassifying a listed object into the unlisted class gets larger),

fI
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the region ZN associated with the listed class shrinks , making

the probability of ni i isc lassifyin g an unlisted object into the

listed class smaller. This is seen by comparing the first row

and the second row in Table 5.

Table 6

The Noise Free Responses of the Eig ht Aircraft  at the
Consia j e red Frequency (24 MHz) at Nose-on Aspect

Fl04 MIG19 F4 MIG21 M1G25 SR7 1 Bi Fl4

( -5. 130 -0.526 -2.904 -5 .076 2.687 —3 . 723 4.426 17.864
s=(

\. 3.244, -5.908 , 4.258, — 5 .28 3 ,-20 .057 , 2 .828 , -9.145 , 0.363

Incidentally, the probability of c lassi fy ing no obje ct (null

class) to the listed class was also computed and the results are

zero for all the cases considered here .

When the dimensionality increases to four and higher , the

classi f ier performs even better. The probability of m i sclass i fy-
ing any of the listed objects into the unlisted class becomes 0.05

for all of the four listed objects and that of identifying an

unl isted object as the listed class is zero for all of the four

unl isted objects. This demonstrates that the proposed scheme is

indeed a very effective one even when applying to a quite noisy

environment.

I
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CHAPTER IV
COMPLETE CLASSIFIC,ATIOIi

A. Introduction

As described in the first chapter , there are two steps in a

“compl e te ” c lass i f ica t ion procedure . One is to decide whether

the object to be identi f ied is in the l ist  of the known objects .

If it is one of the catalogued objects , in the next step a con-

ventional scheme is then employed to do the classification. If

not , the object is designated to be a new object and a learning

process is employed to estimate its character is t ics.

Th is  chapter attempts to show how this complete classifica-

tion procedure can be conducted. The influence of the preclassi-

fication on the final classification and the strategies to be

used are invest igated . Some related problems are a lso discussed.

B. The Effect of Preclassi f icat i on

The technique developed in the previous two chapters in-

volve d the se para ti on of the uncatalo gued cl ass from the ca ta-

logued class. For the convenience of the follo~- -ing discussion ,

this step will be cal l ed “preclassification ” and ‘he step of

classi fy ing the observed object as one of the l i st Lj  obj ects after

the preclass if icat ion , “ final c lass i f ica t io ~~, or just “c lass i i-

cation ” . The preclassification approach minimizes the ra- - lon ,“
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